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1.1. Yucna, KkopHU u cTeneHu

MHOXXeCTBO HaTypasibHbIX YMCes

N Ucnonwsylorcs nnas cuéra npeameros: 1; 2; 3; ...

MHoXecTBO uenbix Ynucen

N Harypanabpusie uucaa 1; 2; 3; ...; IPOTUBOIIO-
J0oXKHBIe UM umcaa: —1; —2; —3; ... u uucao 0
7 0 00pas3yioT MHOKECTBO IeJIbIX UUCeJI
N

MHOXXeCTBO pauuoHasbHbIX YUcesn

Z I‘II/ICJIa, KOTOpbI€ MOJKHO IIPpeACTaBUTh B BU-

m
ne —,rme meZ, neN.
n

Q PanuonanpHbIe yncaa — OeCKOHEUHBIE IIe-
Ipo6u puonuueckue apodbu. Eciu mepuox cocTouT
U3 OJHUX HYyJIell, ApoOb cumTaeTrcd KOHeU-
HOH NeCATUYHOU

MHOXeCTBO AeNCTBUTEJIbHbIX Yncen

— I/Ippauuona.nhnble yucaa — OeCKOHeUHbIe He-
nmepuoguyecKue neCcATUuYHbIe ,I[pOﬁI/I.

R OG’Be}II/IHeHI/Ie pPanmyoOHAJBbHBIX WM MPPAlMOHAJb-
HBIX 4YKCeJI Ha3bIBawT I[eﬁCTBHTeHBHLIMM un-
Q cJIaMu




Anzebpa

OKoHYaHue madbaulybl

¥-»)
=)

—T¢N; -TeZ;
0,37¢N; 0,37¢7Z; 0,37 Q;

5eN; beZ;

NcZcQcR

OcHoBHble apudpmeTUHEeCKue AericTBUA U UX CBOVCTBa

Caosxenne

[

a+b=c

a, b — cnaraemsble, ¢ — cyMMa

ITepemecTuresn-
HOEe CBOICTBO

CoueraTenbHoe
CBOMCTBO

PacnpenemurensHoe
CBOHCTBO

a+b=b+a

a+(b+c)=(a+b)+c

Boruuranue

[

a-b=c

a — yMeHbIllaeMoe, b — BbIUXTaeMoe, ¢ — Pa3HOCTb

ITepemecTuTe H-
HOE CBOWCTBO

CoueraTesnsHOE
CBOICTBO

PacnpenenurensHoe
CBOWCTBO

a—-b=—(b—a)

a—(b-c)=a—-b+c
(a—b)—c=a—-b-c

YMHOMKEeHNEe

[

a-b=c

a, b — MHOXKHUTEJIU, ¢ — IIPOU3BEJCHUE

IlepemecTuren-
HOe CBOWCTBO

CoueraTensHOE
CBOICTBO

PacnpenemurensHoe
CBOHCTBO

a-b=b-a

(a-b)-c=a-(b-c)

(a+b)-c=ac+bc

(a—b)-c=ac—bc
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Jenenue
\ a:b=c
a — penumoe, b — meauTesNb, ¢ — YacTHOE
IlepemecTuTe b- CouerarenbHoe PacnpenenureabHoe
HOe CBOWCTBO CBOMCTBO CBOMCTBO
IleseHue yucyia HA IeseHue cyMMBI
IpousBeeHmne: (pasHOCTHM) HA YU-
c:(a-b) = ¢Jro:
=(c:a):b= atb _a b
a 1 =—=x
— == =(c:b):a c c c
b b
a Ienenve mpousse-
NeHusA Ha YUCJIO0:
(a-b):c =
=a-(b:c) =
=(a:c)b
CeoiicTBa HYNS U eAUHULLbI
a+0=a; a—0=a; 0—a=-a; a-b=0, ecau a=0 uau b=0,
a+(-a)=0; a—a=0 uiu a=b=0.
a4 " —a — TPOTUBOIIOJIOMK- a
( — =0 Tonbko mpu a=0, b=0
HBIEe YUCJIA). b
1 1
a-—=1 (au — — B3aUMHO
a a

obpaTHbIe YKCIa)

HyJIB JEJINTCA Ha J1000€ Y4ucyo; Ha HYJIb OEJIUTh HEeJIb3d

Mpu3Hakn genumoctn Ha 2, 3,5, 9, 10

eIuTest
A Ha IlpusHaK HeamMocTH
9 Yucao menuTcsa Ha 2, eCcau ero MOCHAeTHAS Mud-
pa genurca Ha 2
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OKoHYaHue madbaulybl

Yucno genurca Ha 3, ecau cymMma ero nudp

3 IeJauTCsa Ha 3

5 Yucsio geaurcda Ha 5, ecau ero mocaeaHaAs mud-
pa 0 uau 5

9 Yucao genurca Ha 9, ecau cymma ero nudp
menutcs Ha 9

10 Yucio genurcs Ha 10, ecau ero mocaegHass mud-

pa o0

Mpu3Haku genumoctu Ha 4, 25n 11

Heaurcs HA

IIpusHak qeIuMOCTH

Yucio ACJIUTCA Ha 4:, €CJi1 4YnCJ0, COCTaBJIE€H-

4 HOe M3 JBYX ero mocjegHux Iudp, mAeauTcsa
Ha 4
Yucao genurca Ha 25, ecJu UYMCIO, COCTAB-
25 JIEHHOe U3 JBYX €ro HMOCJeTHuX nudp, JeJIuT-
ca Ha 25
Yucso penurcs Ha 11, ecau aaredopandeckas
11 cymma ero uuép a,—a,+a,—a,+..+(-1)'a,_

1
mesures Ha 11

MpocTblie n cocTaBHble YUcna

IIpocThie uncia UMEIOT TOJIb- meauTesid yucaa 23:

KO IBa geauTenas: 1 m camo 23:1 u 23:23

YUCJIO

OcTaJIbHBIE YKCJIa UMEIT 00- ypcao 12 umeeT [OesIUTeNN:
Jee OBYX deuTesein 1, 2, 3,4, 6, 12




1.1. Yucna, KopHU U cmeneHU

13

OOGbIKHOBEHHbIEe Apobtu

OcHOBHOE CBOMCTBO APOGH

3HauyeHUe Npodu HEe M3MEHUT-
cd, ecJU UHCJIUTeIh U 3HAa-
MeHAaTeJb YMHOMWUTH  WJIU
pasmenuTbh Ha OSHO M TO XKe
uucyao (BbIpasKeHuUe), He paB-
HOE HYJIIO

alb—c) a
mb-¢c) m
25 1 22

25 _1 22 2
75 3 33 3

CpasHenue apobeit

W3 nByx mpobeit ¢ omwHAKO-
BBIMU 3HaMeHaTeJAMU O00JIb-
e Ta, YUCJIUTENb KOTOPOI
6OoJIbIIIe

7

1 T. K. 7 <11

_< y
13 13

W3 ngByx mpobeii ¢ omgmHAKO-

11

<1—1, T. K. 21 > 15

BBIMU UMCJIUTEJIAMU OOJIbIIIE 21 15
Ta, y KOTOPOIl 3HAMeHAaTeJb
MEHBbIIIe

Cioxenue M BbIYUTAHHE

Ecau 3HamMeHaTenu paBHBI,
TO YHUCJUTEJIU CKJIATBIBAIOTCSA
(BBIUMTAIOTCS), a 3HAMEHAaTe-
JIN COXPAHAIOTCA

13 7 _6 _2

Ecau 3mamenaTenu pasHEBIE,
TO CcHayajia APOOU IIPUBOIAT
K HaUMeHBIIIeMy O0IIeMy 3Ha-
MeHAaTeJ0, a IMOTOM CKJIAaIbl-
BAlOT (BBIYUTAIOT) KaK APOOU
C OJMHAKOBBIMH 3HaMeHaTe-
JIAMN

c ﬂ+£ ad + be
d bd bd bd
4 3-9+4-7
+_ =
9 7-9

2

7+28 55
63 63
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IIpu cnoxeHuu (BBIYUTAHUN)
CMEeIIIaHHBIX YUCEJ MOKHO
CJIOKUTDH (BBIUECTDH) UX IIEJIbIe
U IpOOHBIE YaCTU

5l+1§=5+1+1+§=
8 6 8 6
=6+3+20=623

24 24
YMmHOMKEHME pobeit
IIpu ymHOMKeHUM npoGeit Ie- a ¢ _ac
PEMHOMKAIOT WX YNCIUTEIN b d bd
U 3HaMeHaTeJIn § g B 3 2 B i
75 5 35
IIpu yMHOMKEHUN CMEIIaHHBIX 92 73 _12 59 _
Yyuces UX cHayajia IIpeBpala- 5 8 5 8
0T B HENPaBUJIbHBIE ApOOH,
a IIOTOM IEePEeMHOYKAIOT - ﬂ =17 i
10 10
Jenenue npooei
Ilpu pememuun ABYX [Apobeit a. c_ ﬂ,
IeJieHWe 3aMeHAIT YMHOMKe- b 'd be’
HUEM JeJUMOT0 Ha APo0b, 00- 1 5 16 14
PATHYIO JeJIUTeJI0 5§ : 16 39
16-9 24 3
= —22_3°2

IIpu Bo3BemeHUM APOOU B CTe-
IeHb BO3BOAAT YUCJIUTEb
U 3HaAMeHaTeJb APOOU B 3Ty
CTemneHb

( 1)’ (6]2 36 11
1= =2 =2 =1
5) \5) 25 25
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Mponopuun

TIpomopuusa — PaBeHCTBO
. a c
IBYX OTHOIIIEHU 3 = 3 Uan

a:b=c:d (a, b, c, d=0).
Ynensl mpomopuuu: a, d —
Kpaiinue; ¢, b — cpegHue

OcCHOBHOE CBOMCTBO: IIPOM3-

BelleHre KpPaWHUX YJIEHOB

HPOMOPI[MY PABHO IMIPOU3BE-

IEeHUI0 CPeJHUX €€ UJIeHOB:
ad = bc

Kasxnprit unen nponopuuy —
YeTBEPTHIA IIPONOPIINMOHATb-
HBI WIeH @0 OTHOIIEHWIO
K TPEM APYrUM

MpoueHTbI

IlpomenT — 3TO coTrada yacTh
HEKOTOporo umcjaa (KoTopoe
IPUHUMAETCA 3a eTUHUILY)

Loy L
100

1% or uuciaa a — 3TO L(Jt
100

IIpeoGpa3oBaHUA MPOLEHTOB

YT06kI BEIPABUTE YHUCJIO B IIPO-
IeHTaxX, HYMXHO €ero yMHO-
KuTh Ha 100 %

0,23 =0,23-100% = 23%;
0,07 =0,07-100% = 7%
5=5-100% = 500%

YT00BI 3amucaThb ITPOIEHTHI
B BHUJE YMCJa, HYKHO YKCJIO,
crosdIee mepexn 3HakKoMm %,
pasgenuts Ha 100

13% =13:100 = 0,13;
2% =2:100 = 0,02;
123% =123:100 = 1,23
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ITpodonsxcernue mabauybt

Haxoxaenmne IIPOIeHTa OT YHuCJa

p% OT umcaa a paBHO: 20 % ot umcaa 120 pasHO:
P, 20-120 _ 24
100 100

Haxoxnenue 4ucia no JaHHOMY IPOLEHTY

Ecau p % oT HEKoTOpOro um- Ecmu 15% oT HeKoToOporo
cjlia PaBHO M, TO BCE UYMCIIO yucya paBHO 45, TO BCE um-
a paBHO: 100 CJIO paBHO:
_m- 45-100
a= ———— =300
p 15

Haxoxaenmne IIPOII€HTHOI'0 OTHOIIEHHUA NBYX YHCEeJ

Yucno a cocraBisgeT OT YuU- Yucio 22 cocraBisgeT OT Y-
cua b: cna 88:

a

;-100% 2—2-100%=25%

YBemnuenue (ymeHbuienue) Ha p %

YHucao a yBeIUudnIoch Yucmno 110 yBesmuumiocs
Ha p%: Ha 5%:
% %
+- L 2 =al1+-2 2 110- 1+i =
100 % 100 % 100

=110-1,05=115,5

Yucao a yMEeHBIINIOCH Yucno 110 ymeHBIIHIOCH
HA p%: Ha 5%:
p % p % 110.[1--2>]| -
a- =a[1- 100
100 % 100 %

=110-0,95=104,5
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OkoHYyaHue mabauybl

dopmysna CI0KHBIX MPOLEHTOB

Ecmum A, — HavajgbHBIA Ka- Ecnu  HavanpHBIN  Kalu-
nuTaJ (BKJax), p — TOJLOBOM Tan — 5000 u romoBoit mpo-
OPOILEHT, N — KOJUYECTBO meHT — 6, To B KOHIE 3-TO
Jer, TO B KOHIIe n-ro roja roja KamuTaJ COCTABHUT:
KaIliTajJ COCTABUT: 6 \°

p n 5000-(1+—j =~ 5955

A, = A1+ — 100
100

Mopaynb oencTBUTENBHOIO Yncna

Mopnynem umciyia @ Ha3bIBAIOT PACCTOSHHE OT Hadajia OTCUETA
IO TOYKH, KOTOpas u300pa’kaeT 9TO UUCJIO, HA KOOPAMHAT-
HO¥ TIPAMO.

I-5/=5 4| =4
a,ecaua>0 N R
lal ={-a, ectm a < 0 If L \If . \I |
1 0,ecima=0 — 1>
-5-4-3-2-1 01 2 3 4 5

CreneHb

n-# CTeNeHbI0 NeNCTBUTEJIbHOI0 UYKCJIA a HAa3bIBAETCSA NENCTBU-
TeJIbHOE YHuCJ0 b, MoJydeHHOe B pe3yJibTaTe YMHOMKEHUS UU-
cJa a caMoro Ha cebd n pas.

b=a"=a-a-a-...-a, neN
n
a — OCHOBaHWe CTeIlleHHU, /I — II0Ka3aTeJb CTelleHN
0"=0 (n>0); 1"=1; a'=a; 0° — He ompezeIeHO

CreneHs ¢ HATYpPaJbHBIM 20=2.2.2-2-2=32;
IIOKa3aTeJjieM (_3)3:(_3),(_3),(_3):_27;
a'=a;a"=a-a-a-...-a, 07=0: 1100-1:

n

ace R, neN (-1)*°=-1; (-1)10=1
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CTenmeHb ¢ 1eJIbIM 1 1
moKasaTejiem (-37 27’
a’=1, a # 0; 0° — He ompe-

— (z] _ (é] _ %5,
5 2 4

(-8)" =

"=, a20,ncz 132_(2)‘2_(912_100
@ ’ 10 13) 169
CreneHs ¢ panuoHaJIbHBIM 1
moKasaTejeMm 362 = /36 = 6;
2
ar =%a™,a#0, meZ, ne N, 273 =Y27° = 38" = 9;
n>2 1
(-8)3 =-2;
gos. 1 _ 1 _1

525 JRCE

V2
Crenens ¢ MpparMoOHAIbHBIM 102 ~ 1084142, ~ 25,9
nokasarenem a*, rme k — up-
parnuoHaJbHOE Yucyo, a # 0

OCHOBHbIe CBOWCTBa CTeneHun

YMHOMXEHHe CTeneHen 25.2783=25+(3=22_4,
am,an — am+n 1 72 L{_E)
83.8 3-83 " 3/ _
1
=83 = 1 1;
3 8 2

Henenne cremnenei 52:5°=5"2"09=
am:a"=am " =52+5=53=125;
32\/§ . 3\/5 — 32\/5*\/5 — 3\/§
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OkoHyaHue mabaulybt

Bosne,u;em/le CTelleHn
B CTeIIeHb
(am)n —qmnn

(297 = (-2)*P = (-2)° =
1 1

2° 64
NG
(75)" = 72 _ 7

’

BosBenenue B cTeneHb

(—3abc)®=—27ab"c?;

IIpOU3BEeaEeHUA 0’57.(_2)7:(0’5,(_2))7:
(a-b)" =a™-b" =(-1)"=-1
BosBenenue B creneHs 2?2 (-2)? 8
ApooH (Ej S5 125
n n 1 1
(ﬂ] = a_, b#0 6253 625)3
b b" ===
- 5
53

1
=(125)3 =125 =5

5 -G

KopeHb cteneHun n > 1 u ero cBoiicTBa

ApudbmMeruueckuM KBagpaT-
HBIM KOPHeM U3 HEeOTPHUIla-
TeJIBHOTO YHCJa 4 Ha3bIBAIOT
TaKoe HEeOTPUIATeJIbHOe UYKC-
10 b, KBagpaT KOTOpPOTO pa-
BeH a:

J_zb@{bzo

bl =a

J36 =6, 1.x. 62=36, 6>0;
\/%;t& T.K. 8%2225;
V25 # (-5), T.x. —5<0;

\J—3 — He ompejeséH

ToxaecTBa

(\/a_)zza, a>0

(viz1) =121; (Vi3)° =13
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Ja? =|a|, ae R

OCHOBHbIe CBOIICTBaA KOPHA cTeneHu n (a= 0, b = 0)

Ja-Jb=+a-b J0,001-,/0,4 =
Jab = lal - bl - J0,001-0,4 =
- /0,0004 = 0,02;
J121-625-100 =
=121 625 - 100 =
~—11-25-10 = 2750
Ja_fa y .o £=\/§:\/Z=z;
N b J2 2
a_|a 141 _ 114 _12
b Vb 169 169 13
(Va)" = Jar Jo! =(\9)’ =3¢ = a7
p
Var = (Jidl)

Eciu a > 1, To a>\/E

u Ja >1;
ecim 0 <a<1, T0 a<x/g

u O<\/Z<1

7>ﬁ nﬁ>1;

1 \F \F
—<,=u ,[j=<1
3 3 3

Eciua >b >0, To \/E>\/E

V3>+2, 1. 1. 3>2
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ApudmeTnyeckme KopHu n-cteneumnpun=2,ne N

ApudmeTrnyecKUM  KOpHEM
n-it crenenu (n € N, n > 2)
U3 HEOTPUIATEIBHOTO YHucJia
a Ha3bIBAeTCA TaKOe HEeOTPU-
aTeJbHOe 4Yuciao b, n-a cre-
meHb KOTOPOTO PaBHA a:

o =b o [p>0
neN,a>0 b"=a

-

ot

81 =3; §/0,00001 =0,1;
1024 =4; %0,027 =0,3

Ecau a < 0, To
2n7\1/a_ = 2,

IeJaeéH

Kopenb 4éTHOU cTemeHU M3 OTPUIATEJIHLHOTO YUCJa He OIpe-

To:xaecTBa

Ecan %a CyIIleCTBYET, TO:
(%)” =a;

ZW =lal, a € R;
2"'%/(12? =a, aeR

ot

(45)" =5 (2) =2
Y2 =12 =2
Y3y = -3

OCHOBHbIe CBOCTBa apndPMeTU4eCKOro KOpHS n- cteneHun

”Vkamsz/ﬁ, a>0,me7Z,

neN

8g® — 3/t — 2 — 16;
12lm3:%

Wila =™fa, ke N, k> 2,

a>0

W3 =43 37 =37
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:"ak, ke N, k>2,

(¥5) = ¥57 - 25

Yab =%a-%b, a>0,b>0

416-625 = 416 - 625 =

33.39=%3.9=327=3
3
7 ia 5125 V125 5.
—=—, a>20,b>0 27 a7 8
b b
4
80 _ 480 416 -2

Ecima >b >0, To K‘/a>¥/5;
ecau a > 1, To &‘/E>1
u Ya < a;

ecim 0 <a <1, 1o

0<Q/E<1; {’/E>a

Z/5>2/§, T. K. b > 3;
Y251, Y2<2

i/1<1’ ?§/1>1
2 2 2

1.2. OCHOBbI TPUrOHOMETPUU

CUHYC, KOCUHYC, TAHF€HC U KOTAHreHC OCTPOro yrna

nNpPsAMOYroJibHOro TpeyroJsjibHuKa

a, b — KaTeThl;
¢ — TUIIOTEHY3a;
0. — OCTPBIA yToJa

CuHycoM yriia o Ha3bIBaeTCa
OTHOIIIEHUE IPOTUBOJIEMKAII[E-
ro KaTera K I'UIIOTeHy3e

. a
sino = —
c
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OkoHYyaHue mabaulybt

Kocunycom yria o HasbiBaer-
cs1 OTHOIIIEHWE IIPUJIEKAIIero
KareTa K T'UIOTEHYy3e

Tanrencom yriaa o Ha3bIBaeT-
CA OTHOIIIEHMNE IIPOTUBOJIEMKAa-
II1ero Karerta K IIpujaexalemy

Koranrencom yria o Ha3bI-
BAeTCs OTHOIIEHWE IMIPUJIeKa-
1ero Karera K MPOTUBOJIEKA-
memy

b
coso = —
c
a
tgo=—
& b
ctgo = —

Yrnbl B TPUroHomeTpumn

90°

NI

I

|
|

Ocu rooppunatr Ox u Oy
pas3buBAaIOT OKPYKHOCTHL Ha
YeThIpe YeTBEPTH:

I werBepTn: 0° < o < 90°;

II weTBepTh: 90° < a0 < 180°;

d o 0 @ 10 0271 pe IIT yeTBepTh: 180° < a0 < 270°;
180 360 IV uerBepTn: 270° < a0 < 360°
111 IV

270°| 31
2

A B Tpuromomerpun yroJ pac-

cMaTpuBaeTcsa Kak (Qurypa,

‘\a B o0pasoBaHHAdA BpallleHueM

o JIy4a BOKPYT CBOEM HAda/b-

ZAOB =a; ZA OB = -a

HOI TouKu O.

Bpamenve mporuB uacoBoit
CTPEJIKA — TIOJOKUTEh-
HOe, IO YaCOBOM — OTpPHUILA-
TeJIbHOE
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Vribsl usMepsIoTeAa B rpagycax M paguaHax
1° — »TO yroJ, KOTOPHIN pa- y
1 A
eH —— 4ac a3Bé 0-
BeH 180 YacTU Pa3BEPHYT! / R(x R
ro yria.
1° = 60’ (60 MmunyT) of B /B *x
1" = 60" (60 cexynnm)
= 1;00
UAB =R, o =1
n-n
° = - 1 paguasH — 9TO IEHTPAJb-
180 HBIA yT0JI, KOTOPOMY CO-
135° = n-135° 3m OTBETCTBYET AJWHA Oy,
180° 4 paBHaA paguycy dToi
OKDYIKHOCTH.
180°
1 paguau =
b
5_112 5-180 —150°
6 6
i 0° | 30°|45°|60°|90°|120°|135°|150°|180°|270° | 360°
3
(=1
[
g
2 n|ln | n| | 2n 3n 5n ﬁ
506|232 3| 2|6 | |22
a

CMHYC, KOCUHYC, TAHF€HC U KOTaHreHC Ynucna

Cunycom (sint) uuciia ¢ HasbIBa-
eTcs OpAMHATA TOYKU P, emuHuI-
HOII OKPY’KHOCTH.

HauMeHBIIUNT  IOJIOMKUTETbHBINA
nepuon T'=27
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OkoHYyaHue mabauybl

Kocunycom (cost) umcia ¢ Ha3HI-
BaeTca abcmucca Touku P, enu-
HUYHON OKPY'KHOCTU.
HauMmeHBINIUN MOJIOMKUTENIBHBIHN
nepuon T=2n

Tanrencom (tgt) umcia t Ha3bI- y

BalOT OTHOIIIEHUE Ssint u cost. g

Ocb TaHreHCOB — IpaMas x=1. tgt

tgt — opamHaATa COOTBETCTBYIO- t x

miedl TOYKYM OCU TAHTEHCOB: 0 il

tet = sin ¢ ) \ T
cost =

HauMeHBIINHA IT0JI0MKUTEIbHBIN
mepuon T=n

Koranrencom (ctgt) uucna t Ha-
3BIBAIOT OTHOIIIEHNE cost u sint.

y-1

Ocb KOTAHI'eHCOB — IpsaMas 1 B

y= 1. t t x
N

ctgt — abcmmcca COOTBETCTBYIO-
el TOUKKW OCH KOTAHTEHCOB:
cost

ctgt =

HauMeHBIINHA  ITOJOKUTENIbLHBIN
mepuon T ==

3Haku cuHyca, KOCMHYCa, TAHreHCa, KOTaHreHca

y sint y cost y tgt
II I II I
+ |+ -+ T/ |+

0 0 0
— — — + + —
III v | I v III v
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1.2. OcHO8bl Mpu20HOMempuu
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leyc, KOCHHYC, TAHI'€HC U KOTAHI'¢HC CYMMBI U PA3HOCTH

=cos acos 3 F sin a sin

ABYX YIJIOB
sin(a + B) = _ tgattgP
=sin o cos a * cos a sin B tg((xiB)—1¢tgath,
cos(o = B) =

b
oc,B,aib¢5+nn,neZ

ctgoctgBF1

ctg(a £P) = s
g B ctgo £ tgp

o,B,artb#nn,neZ

®opmynbl ABOIHOrO 1 MOJIOBUHHOTO YrNOB

DopMyaBI JBOWHOTO yriia

DopMyJIbI IIOJIOBHHHOTO YIia

sin 2o = 2 sin o cos a
cos 20 = cos? a—sin? a
2tga
1—tg20c’
n mn
oE—+—,
4 2

T
oc¢§+7m,nez

tg 20 =

ctg?a -1

ctg 200 =
g 2ctga
oc;tﬂ,nez
2

2 sin? o = 1 —cos 2a
2 cos? o = 1+cos 2a

.o 1—-cosa
sin—|=,[——
2 2
oc‘ 1+ cosa
cos —| = f—
2 2
o sina 1-cosa
tg s = ===
2 1l+cosa sin o
a#nn, n e’
a 1+cosa sin o
Ctg_: N = ’
2 sin o 1-cosa

a#nn, n €’

@Dopmyasl IPeodpa3oBaHUsI CYyMMbI TPUTOHOMETPHYECKUX (DYHKIUI
B IIpOM3BeJIeHNe

sina+sinf} = 2sin
cos o + cosP = 2cos

cos ¢t — cosf} = —2sin

atf aFp
2

cos
2

o+ oa-p
COoSs
2 2

a+p inoc—B
2
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®DopMmyabl IPeo0pa3oBaHNs MIPON3BEICHN S
TPHUTOHOMETPUUYECKHX (PYHKIMII B CyMMY

sinasinf = %(cos((x —P) — cos(a + B))
coso.cosf = %(cos(oc —B) + cos(a + P))

sino cosf} = %(sin((x - B) + sin(a + B))

(DopMlem IIOHUKEHUS CTelleH:u

.9 1 - cos2a 9 1+ cos2a
sin (x:#; cos OL:T

BeIpameHne TPUTOHOMETPHYECKUX (DYHKIIMIA
yepe3 TAaHIeHC IOJOBUHHOIO yria

21;gg 2tgg
sinoc—i2 ; t 0(-—2 T
= o’ go = 20(7 (X-'FE‘FTCH,
1+tg® 1-tg?~
€y €9
azxzn+2nn, n e Z
o
1-tg2¥ 1-tg"
cosocziz; ctgoo=—=, a#nn,n e Z
1+tg? % 2tg %
2 2

®opmysa BCIIOMOTaTeJIbHOIO yIia

acost +bsint = vJa® + b® cos(t — o),

a . b
rge costt = ——; sing= ——
Ja? +b? va? +b?

; a’+b2#0




30

Anzebpa

1.3. Jlorapudpmsi

JYYUTH YUCJIO b

Jlorapugmom ymcaa b Mo OCHOBAHUIO a4 Ha3bIBaeTCA IIOKa3a-
TeJIb CTEIIeHU, B KOTOPYIO HY3KHO BO3BECTH UMCJIO A, YTOOHI II0-

Ob6osnavaercs: log b

Yuraerca: jorapudm a 1o
OCHOBAHUIO b

a>0;a#1;b>0

Y
\_ Y |

IToxa3aTenbHOE paBEHCTBO

a*=b
X — TIOKas3aTeJb CTeIeHN’;
a — OCHOBaHUE CTeIeHU;
b — cTemeup uucIa a

<>

Jlorapudmuyeckoe paBeHCTBO
x =log,b

x — Jsiorapudm uuciaa b mo oc-
HOBaHUIO a;

a — OCHOBaHUe Jorapudma;
b — umciio, CTOMAIIEe IO 3HAa-
KoM Jiorapudma

1

log, = —

g3 9
1

2"=128 < log, 128 = T;

=-2o3%=—;

-3
(g) =125 < log, 125 = -3

1

5

Jlorapu@mMbl MO OCHOBAHUIO
10 Ha3BIBAIOT JECATUIHBIMM:
log,, a =lga

1g10 = 1; 1g0,1 = —1;
1g100 = 2; 1g0,01 = —2;
11000 = 3; 10,001 = —3

Jlorapu(pmbl MO OCHOBaHUIO
e Ha3bIBAIOT HATYPAJBHBIMU:

log,a = Ina.
e =2,718281.. — wuppamnuo-
HaJIbHOE YUCJIO;
e~ 2,7

Ine = 1; ln1 =-1;
e

Ine? = 2; lnl2 =-2
e

CeoiicTBa norapudpmoB

OcHoBHOe JorapupMuyecroe
TOJKTIECTBO

alogab =p

510g53 — 3;
107 =7;

logy 5
3%83° = b;

e1n3 =3
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OkoHyaHue mabaulybt

log1=0,a>0
loga=1,a+1

log,1 =0; Igl = 0;
logﬁ xﬁ =1; In1=0

Jlorapuégm nmpousBenxeHus
log (ab) = log,a+log,b
a>0,b>0,c>0,c=1

log,2+log,4 = log,2-4 =
=log,8 = 1;

log,18 =log,(9-2) =
=log,9+log, 2 = 2+1log,2

Jlorapucgm yacTHOTO
log, % =log.a —log, b,

a>0,b>0,c>0,c=1

log, 15 - log, 5 = log, ? _
=logy;3=1;

2 _)
log, 7 =log,2-log, 7=
=1-log,7

Jlorapucgm crenenu
log,a* = k log,a
a>0,c>0,c#1,keR

log,3'° = 10 log,3 = 10;
1g107 = p 1g10 = p;
3 log,4 = log,4® = log 64 = 2

log , b" = iloga b
¢ m

log,; 125 = log,, 5° =

a>0,az1,b>0,b%1

a>0,b>0,a=+1, 3 3
m,neR, m#0 =—log;5=—=1,5
2 2
Ilepexon K HOBOMY OCHOBAHHIO lgb
log.a logabzl—
log,a = —*—; ga
log. b lo 7_111_7
a>0,b>0,b%1,c>0,c=1| 82" 13
1 1 1
logab: H 10g366: = —
log, a log,36 2

alogc b_ blogc a;

a>0,a#1,b>0,b =1,
c>0,c=1

810g25 _ 510g28 — 53 =125
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CpaBHeHue norapudpmos

Ecmma>1u0<x <x,, T0O 2 < 3, log2 < log3
log x, < log x, (3HaK Hepa-
BEHCTBA He MEHSETCs)

Ecmm0<a<1u0<ux <x, 2<3, log0'52>logo’53
To log x, > log x, (3HaK He-
paBeHCTBA MEHSETCS)

1.4. MNMpeoOpa3oBaHue BbipaXeHUl

Mpeobpa3oBaHue BbipaXXeHU, BKIIOYaoLWUX
apudmMeTU4eckue onepauum

Yucnoreie BoIpakeHnA. JelicTBHA ¢ JeCATUIHBIMHU TPOOIMHU

CrnosxeHne U BBIYNTAHUE + 0,37
MEeCATHYHBIX TPOOeii: 0,37+26,5 = 26,87 26,50
a) YPaBHATH KOJUYECTBO 3HA- " 96.87

KOB IIOCJIe 3allATOMH, 3aMucaTh
3aIATYIO O] 3aIIATOI;
0) BBITIOJIHUTD CJIOKEHUE, BbI-

4uTaHue, He obpamas BHUMA- | 37-0,075 = 36,925
HUA Ha 3aMATYIO;

B) IOCTABUTH B OTBETE 3AaIld- _ 37,000
TYIO 0[] 3aIATON M

36,925
YMHOMXeHNe TeCATHIHBIX 0,215 15

iy ’ X

npoﬁeu. . 0’ 03 0’ 003
a) BBIIOJHUTH fAeiicTBue, HE | —0—— 2 _°
obpalas BHUMAaHUA Ha B3a- 0,00645 0,045
OATYIO;

0) OTIEeJIUTh B MIPOU3BEAEHUU
CTOJIBKO 3HAKOB, CKOJIBKO
WX WUMeeTCs IIoCJe 3aIATon
B 060MX MHOKHUTEJIAX BMECTe
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OkoHYyaHue mabaulybt

HeneHue qecATHIHBIX TPo0eii:
1. Ha HamypanvHoe 4ucao:
a) pasmeJuTh APOOL HaA UH-
cJ0, He obpalas BHUMAaHUSA
Ha 3aMATYIO;

0) MOCTaBUTH B YACTHOM 3AaTIs-
TYIO IIOCJIE TOTO, KaK 3aKOH-
YeHO JeJIeHHe IIeJIOM 4YacTu;
B) ecJIu IieJiasg YacTh MEHbIIe
[eJUTeNsI, TO YaCTHOEe HAUU-
HAETCs ¢ HYJs IeJbIX.

2. Ha decamuunyio 0pobuv:

B IeJIUMOM U [JeJIUTEJIe 3ald-
TYI0 IePeHeCTH Ha CTOJIBKO
mudp, CKOABKO UX IOCJE 3a-
IATON B [eJUTeNe, U BBIIOJ-
HUTb JejieHue JeCATUUYHOMN
Ipobu Ha HATYPaJIbHOE UMCJIO

30,69 3,564
27 [3,4 32 ‘0,89
36 36

36 36
0 o

8,46:0,6 = 84,6:6 = 14,1;

0,00612:0,03 = 0,612:3 =
=0,204;

27:0,15=2700:15 = 180

ApudmeTnueckmne AencTeus C pauuoHasNbHbIMU YUCNaMu

Cioskenne umMcesl ¢ OXUHA-
KOBBIMHU 3HAKAMM: CJIOKUTH
MOAYJIU MAHHBIX YHCeJ, IIe-
pen cyMMOH IIOCTaBUTH 00-
muii 3HAK

a) (-6)+(=3,7) = ~(6+3,7) =

,75

6) —5Z+(—6§j =
8 4

- —(51+6§j SRR NPY]
\"8" 8 8 8

CrnosxeHne umnces ¢ pa3HBIMHU
3HaKaMH: MOJYJIb CYMMBI pa-
BE€H Da3HOCTU MOZYJeH cia-
raeMbIX, 3HAK CYMMBEI COBIIa-
[aeT cO 3HAKOM CJIaraeMoro,
uMeIoiero 0OJbIINH MOIYJIb

a) 4+(-10) = —(10—4) = —6;
6)5,6+(—4,1) = 5,6-4,1 = 1,5

Berunranme umces: UYTOOBI
BBIUECTh U3 YMCJIA 4 YUCJIO b,
IOCTATOYHO K YMEHBIIIAaeMO-
My IpuOaBUTH YMCJIO, IIPOTH-
BOIIOJIO}KHOE BBEIUMUTAEMOMY:
a-b=a+(-b)

a) -7-83=-7+(-3)=-10;
6) -5—(-11,3) = -5+11,3 =
=6,3;

B) 10-25 =10+(—-25) = -15
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OKoHYaHue madbaulybl

YMHOKEeHHE U [IeJIEHIE YU CeJI:
a) mpousBejeHne (YACTHOE)
Yrces OMHOTO 3HAKA €CTh UU-
CJIO TOJIOSKHMTEJILHOEe;

0) mpousBegeHMHe (UACTHOE)
IBYX YKCeJ C PA3HBIMM 3Ha-
KaMH €eCThb YHCJIO OTPHUIA-
TeJIbHOE

-6-(-2,1) = 12,6;
Log[ 11)_22:17 g,
\ 17 11
24:(-3) = -8;
-5:8= 5
8

MpaBuna packpbiTus CKOOGOK B YMCJIOBbIX BbipaXeHUsax

1 BbIPpaXXEHUSAX C NepeMeHHON

1. Eciu mepeny crkoOKamMu
CTOUT 3HAK «+», TO, PACKDBHI-
Basg CKOOKM, MOXXHO:

a) ONYCTUTh CKOOKM U 3HAK
«tr;

0) s3amucaTh cjaraeMsble, CTO-
Alre B CKOOKaX, COXPaHWUB
UX 3HAKWU;

B) ecJu TIEepBOe cJjaraemoe,
cTosdllee B CKOOKAaxX, 3amuca-
HO 0e3 3HaKa, TO ero HyyKHO
3anncaTh CO 3HAKOM «+»

a) -7,21+(3,5+7,21) =
=-7,21+3,5+7,21 = 3,5;
0) 3,7+(-2,3+5) =
=3,7-2,3+5=6,4;
B)a+(b—2a)=a+b - 2a =
=b-a;

r) 3x+(—x+2y) =
=3x—x+2y = 2x+2y

2. Ecau mnepen crKoOKamu
CTOUT 3HAK «—», TO, PACKPBI-
Basi CKOOKM, MOJKHO:

a) OMyCTUTh CKOOKM W 3HAK
«—»,

0) s3amucaTh cjaraeMble, CTO-
dAlue B CKOOKaxX, IIOMEHSB
3HAKM BCEX CJlaraeMbIX Ha
IIPOTUBOIIOJIOMKHEIE,

B) ecJIMd IIEPBOe CcJjlaraeMoe,
crosilee B CKOOKax, 3armmca-
HO 0e3 3HaKa, TO €ro HYKHO
3anmcaTh CO 3HAKOM «—»

a) -2,5—(5,6+2,5) =
=-2,5-5,6-2,5=-10,6;
6) -7,8-(-3,2-6,8) =
=-7,8+3,2+6,8 = 2,2;
B)a—(b—2a)=a—-b+2a =
=3a—b;

r) 3x—(—x+2y) =
=3x+x—2y =4x—-2y
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OpHouneH

OgHOUWIeH — IIPOU3BeeHIe
4yuceJI, IePeMeHHbBIX U UX Ha-
TYypaJbHBIX CTEIeHel, a TaK-
JKe caMM 4YmcJia, IlepeMeHHbIe
U UX CTeleHHu

-3xy? 8; —ab; 0; y'; 5; —a

LeiicTBNA C ogHOUNEHAMN

YMHOMKEHNE OJHOUJJIeHA
Ha OJHOYJIEH

12a%b- (—5ab”) = —60ab®

Hesenue ogqHOYJIEHA
Ha OJHOYJIEH

12x"y%z : (3xy?2) = 4x%

MHorouneH

Muorounen — cymma
HECKOJIbKUX OTHOUJIEHOB

2x"—-5x+1; ba+3b

IlomoOHBIE UJEHBI MHOTO-
YyjeHa — ONHOUJIeHBI, MMe-
I0II[e OJMHAKOBYIO OyKBEH-
HYIO 4acTh

3xy+5x"—bxy+Tx’+5

JleiicTBUS ¢ MHOTOUYJIEHAMU

Ciio:KeHre MHOT'OUJIEHOB

(a*+ab—-b*)+(3a%—2ab+b?) =
=4a%’—ab

BrrunTanue MHOTOUYJIEHOB

(2a—b)—(—3a+b) =
=2a-b+3a—-b=>5a—-2b

IIpuBeneHue MOJLOOHBIX
YJIeHOB MHOTOYJIEHA

2ab+ 357~ 24 +a*~5ab+ b’ -
=4b*>-3ab-a® B

VYMHOMKEeHUEe OJHOUJIeHA

Ha OJHOYJIEH:

a(b+c) =ab+ac

YT006bI YMHOKUTH OJHOUJIEH
Ha MHOTIOYJIEH, HaJ0 OJHOY-
JIeH YMHOMKUTHb Ha KarKIbIH
YjIeH MHOTOYJIeHAa

—2x(8x%-2x+3) =
= —6x3+4x>—6x
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OKoHYaHue madbaulybl

Hesmenue MHOTOUJIEHA
HAa OJHOYJIEH:

(a+b —c):d =

=a:d+b:d-c:d

YT00BI pa3geaiuTh MHOT'OY-
JIEH Ha OJHOYJIeH, HaJ0
KaKIbIM UJIeH MHOTOUJIeHA
pasmesuTb HA OAHOYJIEH

(6x'—4x2+6x3—2x):(2x) =
=3x3-2x+3x2-1

VYMHOKEeHre MHOTOUJIeHA
Ha MHOTOYJIEH:

(a+b)(c+d) =
=ac+ad+bc+dc
Y100bl YMHOMKUTH MHOTOUJIEH
HA MHOTOYJIEH, HAM0 KaKIbIi
YJieH OJHOTO MHOTOYJIEHA yM-
HOYKUTDH Ha KaKIbII YJIEH BTO-
poro MHOroO4JIeHa ¥ Pe3yJaIbTa-

TBI IIPOU3BEEHUN CIOMKUTD

(2x-5)(by+1) =
=10xy+2x—-25y—5

dopmMynbl COKPaLLEHHOrO YMHOXEHUS

KBagpat cymmbl

(a+b)? = a’+2ab+b?

KBazgpar pasHocTu

(a—b)? = a®>—2ab+b?

Ky06 cymmbI

(a+b) = a®+3a%b+3a’b+b?

Ky6 passHocTu

(a—b)® = a®—3a*b+3ab*—b?

Cymma Ky0oB

a’+b% = (a+b)(a’—ab+b?)

PasHocTh Ky0OB

a’—b% = (a—b)(a*+ab+b?)

OCHOBHbIE NPUEMBbI Pa3I0XKeHUS MHOIro4JieHa Ha MHOXUTEeNun

BreineceHne o0IIero MHOMKH-
TeJis 38 CKOOKU

15x%y+5xy?—10xy =
= 5xy(3x+y—2)

Cnoco6 rpynnupoBKYU

ab+ac—b-c =
=ab+c)-1(b+c) = (a—1)(b+c)

Ucnons3oBanue (opmysa co-
KPAIEHHOr0 YMHOMKEHUS

a’+6ab+9b? = (a+ 3b)?
a*+4 =a'+4a’+4-4a® =
= (a2+2)*~(2a) =

= (a*—2a+2)(a*+2a+2)
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OkoHyaHue mabaulybt

IonoaHUTENbHBIE (DOPMYJIBI:
a"—1=(a-1)(a"'+a"?+..+
+a+1)

a?1+1 = (a+1) x
x(@*m—a*™'+..—a+1)
x"—a" = (x—a)(x"'+ax"?+
+a’n" 2+ ... +a"*x+a"?)

at—1=(a—1)a®+a’+a+1)
x-1=(x+1)

(et =2+ x2—x+1)
xt—a'=(x—a)
(x3+x%a+xa’+a?)

NMpeoGpa3oBaHue BbipaXXeHMA, BKJTIOHYAIOLWMNX Onepaumio

BO3BeAEeHUs B CTeneHb

IIpoussenenue cre-
IIeHell ¢ OAUHAKOBEI-
MU OCHOBAHUSAMU

ar-q? = ghti
aPtt = aP-a?

YacTHOe cTemeHeln
C OMUHAKOBBIM
mokKasaTejieM

a’:a? = af?
p
_ a
aP™? :ap:qq -z
al

CreleHb CTeIeHNI

(ap)q = qP?
arl = (ap)q = (aq)p

CreneHpb mpoussejie-
HUS ¥ YaCTHOTO

P P
(aby = ar- b7 (gj _a
b b?

a® a)’
a’-b’ = (aby; — =| —
s 35-(5)

CpaBHeHue cTeneHem

OcHOBaHUSA PA3INYHBI

OcHOBaHUSA OTMHAKOBBI

Ecau 0 < a <b, To

r<o,

a <b mpur>0,a >b upn

r — panmuoOHaJIbHOE YMCJIO

Ecau r > p, To a” > a” npu
a>1

a<a’upu0<a<l,

r, p — paluoHAJbHbIE YHNCJA
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MpeoGpa3oBaHue BbipaXKeHUiA, BKJIIOYAIOLMUX KOPHU

HaTypasbHOW CTEeNneHn

Kopenb u3 npousBenenus
U Ipou3BeJieHVEe KOpHei

Ecaiua >0, b >0, To
tab = %a - Yb

Kopensb us wacTHoro,
YacTHOE KOPHEH

Ecamn a >0, b > 0, To

ROpeHL U3 CTelleHUu
" CTelleHb U3 KOPHA

Ecau a > 0, To
(Wa) =4a*, neN,n>2
”\/ka'"‘sz/a_m, a>0,n €N,

n>2

Kopens cremenu m
13 KOPHA CTEIleHU N

Ecau a > 0, To

g =mfa, m>2,n>2

ToXxpecTBeHHble NpeoOpa3soBaHUs UPPaLMOHANIbHBIX

BbIpaXxeHni

BreiHeceHe MHOMKUTENIS
M3-II0[ 3HAKA KOPHSA

nan+m:nan'am:

neN,n>22,a>0

Brecenue MHOMXKUTEIS
oJ] 3HAK KOPHS

a%fb = ¥a" %o = Na"v,

a>0,b>0,neN,n>2

ITpuBeneHne IOAKOPEHHOTO
BBIPAKEHUSA K I€JIOMY BUIY
(uppaIruoOHAJIbHOCTD

B 3HaAMeHaTeJIe)

a _, ab™ "

n| b_k = bkbnfk =

_n ab"_k _ l abnfk’
\ »" b

a>20,b>0
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OkoHYyaHue mabauybl

HelicTBUA ¢ KOPHAMU
Pa3IMYHBIX ITOKa3aTejein

B) V4 + 7 42387 =
~Ya+v7) 4fl23-8v7) =
=416+ 87 +7)(23 -8V7) =
= (23 +87)(23 - 87) =

= 4529 — 448 =

.:.\.

=481=3
dopmyJia IBOMHOTO =
paguKanta atp = 2" a“—bi
2
2
+ \/a —-va“ —-b
B 2

CooTHOLWEeHus Mexay TpuroHomMmeTpuieckmnmm d)yHKLI,I/ISlMI/I

OOHOro aprymeHTa

DopmyIbt

IIpumepsr

sin? a+cos?a =1
sin o

tgo =
cos o

YupoiieHue BbIpaskeHU
tga  sina
sina

_tgoactgo —sinasino

ctg o

sin o ctg o
1-sin?a cos? o
= = Ccos Ol
. cos oL CcOS O
sino - —
sin o
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Anzebpa

ITpodonsxcernue mabauybt

DopmyJIbI

Ilpumeps!

Jloka3aTeabCTBO TOMKIECTBA
(sino + cosa)? —1
ctg ol — sin o cos o
Hokazamenvcmeo:

= 2tg? 0.

. 2
(sina+coso)” -1
ctgo —sinacosa

.92 a s 2
sin” o - 2sinocosa+cos” o -1

cos
sin o
1+2sinocosa—1

—sinocos o

cos o — sin? v cos o
sin o

2sinocoso-sino
cos ol — sin? o)

2cos o - sin’ o - 2tg’a

COS ¢ - COS2 o

DopMyIabI CTOKEHUST

sin(a £ B) =
=sinacoso £ cos o sinf3

cos(at £ ) =
= cos o cosP F sinasinf

Beruuciienue 3HaYeHN BBIPAKEHU
cos105° = cos(60° + 45°) =

= cos 60°cos45° —

~sin 60°sin 45° = @ .
YupouieHue BbIpaKeHui
cos(a+p)+cos(a—P) =

= cosa cosP—sina sinff+
+cosa cosf +sina sinf =

= 2 cosa cosf

®DopMyabI JBOWHOTO yIJIa

sin2a = 2 sina cosa
cos2a = cos? a—sin? a
2tga

tg200= ————
& 1-tg?a

HaxoxaeHnue TpUroHoMeTpHyec-
KMX (pyHKIMii TBOIHOTO yria
sina = —0,6; 180° < a < 270°;
sin2a — ?
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ITpodonnxernue mabauybt

sin20 = 2 sina cosa;

coso = —VJ1—sin®a =

T. e. cosa. < 0, T. K.
180° < a < 270°.
sin2a = 2-(-0,6)-(-0,8) =0,96.
YupoueHue BbIpaKeHUun
a) 2 cos? a—cos2a =
= 2 cos? a—(cos? a—sin? a) =
= 2 cos? a—cos? a+sin? a =
cos? a+sin? o = 1;
1 1
1-tga 1+tga B

0)

1+tgoc—(1 tga)
A-tga)d+tgo)
_l+tga-1+tga

1-tga
= 2tg(2x =tg2a
1-tg”a

®DopMyabl IPUBEAEHUS

JKeHUll BUAA:

s1n(n—+0(} cos( j
ctg(% * ocj s

nn
tg (— + oc] ;
2
nelz

HCIIOJIB3YIOTCA IIPABUJIA:

BEpTHU;

s mpeoGpasoBaHUs BBIPA-

a) mepe] IPUBEIEHHON (PYHK-
el CTAaBUTCSA 3HAK UCXOJH-
HOM (QYHKIMU B ITOH UeT-

Haxosxaenue 3HAYEeHMI BHI-

paskeHunit

a) sin8—n= (2 +2_n):
3 3

. 2n

=sin— =
3
( n .n 3

=sin| T——|=8ln—=—3

3 3 2

51 T

0) tg—=tg|n—-—|=

) ey g( 6j
n__1
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Anzebpa

OkoHYyaHue madbaulbl

0) QyHKIIUA He MeHseTCd Ha
KOQYHKIIUIO, €CJIU N — YET-
HOe; MEHAEeTCA, €CIu N —
HEUETHOE (KOPYHKIIUAMU
sina, cosa, tgo u ctgo aBasa-
I0TCA cosa, sina, ctga u tga
COOTBETCTBEHHO)

B) c0s225° = cos(180°+45°)

= —co0s4b5° = —g;

r) ctg330° = ctg(270°+60°)
= ~tg60° = —/3

YnpoineHue BbIpaskeHUR

ctg[g foc) —tg(n+ o)+ sin(?’?ﬁ - oc)

cos(T + o)

_tga-tgo—cosa coso

1

—cosa

cos

CyMma 1 pa3HOCTb TPUFOHOMETPUYECKNX PYHKLNA

sino + sinfd =

=ZSinOL—+BcosO(—_B
2 2
cos o + cosfd =
=20030H—Bc0s0L7B
2 2
sino —sinf} =
:2sina_Bcosa—+B
2
cos ¢ —cosf =
+B . a-

= —2sin orb sin
2 2

IIpeo6pa3oBaHue CyMMBbI
B IIPOU3BEIeHNE

cos40° + cos10° =

40°+10° 40°-10°
cos
2 2
= 2 cos25° cos15°.
YupoiieHue BbIpaKeHuin
sina +sinf

=2cos

cosd +cosP

+Bcosa;B
—B:

.o
2sin

o+ o
2

2cos

cos
2

o+p
2

:tg
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[ ononHnTesnbHble TPUroHoMmeTpuiyeckue Gopmyiibl

sin3a = 3 sina—4 sin® o

cos3a = 4 cos® a—3 cosa

3tgo—tg®a
1-3tg%a

sin? a—sin? B = sin(a+p) sin(o—p)
cos? a—cos? B = sin(a+p) sin(p—a)

sin? a—cos? o = —cos(o.+ ) cos(a.—B)

tg 3o =

. . b
sino + cosa = 2s1n(oa+ Z)

. . s
sina —coso = ZSIH(OL*ZJ

sina + cosf3 :Zsin[E+ OC—B]COS(E_ OH'BJ
4 2 4 2

MpeoGpa3oBaHue BbipaXeHuit, BKJIIOHAIOLWMX onepaumio
norapudmmposaHus

JlorapupmM mpomsBeReHUA log (xy) = log x+log,y
u cymMMa Jorapudmosn log x+log,y = log (xy)
x>0,y>0,a>0,a=1

Jlorapugm gacTHOTO

X
1 —=1 -1
1 Pa3HOCTH JOorapudMoB %4 y 08, X~ 108, Y

log, x —log, y = log, z
Y

x>0,y>0,a>0,a=1

n —
Jlorapudm creneHu log x" = n log, x
U IIpOM3BEOEHNE YHCJia

1
1 ¢ = —1 ) >0,a>0,
u Jorapudma 0g, ¥ B 0g, X%, x a

az1,k#0

1
log, 4x = —log, x
n

log , x = %loga x, x>0,a>0,

a+1l,k=0




44

Anzebpa

OkoHYyaHue madbaulbl

CKO€e TOXOAeCTBO

Dopmysia mepexona log, x

log, x = ,a>0,a=1,
K HOBOMY OCHOBaHUIO log, a

b>0,b%1, x>0

1
log, b =
log, a

OcHOBHOe Jorapudmuue- al*g? — p

a>0,a#1,b>0

JlorapudmmpoBaHue n noTeHuupoBaHue

Haxosxnenue sorapudmon
Yrces UJIU BBIPAYKEHUU
Ha3bIBAETCS
JorapumMupoBaHUEM

37
x_\s/;, x>0,y>0,
2b
b>0,a>0,a=1

3x7\/g _

2b°

X =

log, x = log,
=log, 3 +log, x" +log, \Jy -
—(log, 2 +log, b°) = log, 8 +

1
+7logax+§logay—

—~log,2-3log, b

Haxoxgenue unces nin

BBIPAKEHUN 110 JaHHBIM

JorapudMaM Has3bIBaeTCs
IIOTEeHIIUPOBAHUEM

lg x :1g5—31g2+%1g9;
lgx =1g5-1g 2% +1g/9;
5.9

lgx=1g 5

15
lgx=lg—; x=—
gr=lg—; x
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Mopaynb (abGcontoTHasi BenM4YMHa) Yucna u ero cBoiicTea

a,ecmuaa>0
lal = {-a, ecima < 0
[ 0,ecima=0

2|

3,7 =38,7; |-=
3|

=2 ol=0
3

b 0.a Ecium Touka A mMeeT Ha UYMCJIOBOI
B a4 X IPAMOI KOOPAUHATY @, TO PACCTOS-
HEe oT ToukKu A mo Touku O paBHO
A B lal, T. e. AO =lal.
“ Paccroanue wmexmy rtoukamu A(a)
a b u B(b) Ha npamoit paBHO |a—b|
CBoiicTBa MOIyIst
al > 0
al d @ b#0
I-al = |al bl bl
a <|al ab| = lal-[p|
la+8| < |a|+p] la"| = laj", n € N
la+8| > |a| o] a? = a?
la—| > [la| - o] laf? = a2
la—b| < |al+ o]

a,+a,+..+al|<la|+laf+..+|a

ITo ompenenenuio
MOy JIsA

|x|—{ x, ecann x > 0
-x, ecmn x < 0

la— 2| = a-2,ecmma-220
Tl (@-2),ecmrma-2<0,

a-2,ecaua =2

e |a_2l:{—a+2,ecnna<2




YPABHEHUA U HEPABEHCTBA

2.1. YpaBHeHus

YpaBHeHHe — DaBEHCTBO,
cojeprralee IepeMeHHYIO

3x=0; x>+3=8; x(x—2)=7

Kopens ypaBHeHHNS
(peureHue) — 3HAUYEHUE
mepeMeHHO,

IIPU TIOJICTAHOBKE KOTOPOTO
B YPaBHEHUE IIOJIyYaeTCs
BepHOE PaBEHCTBO

x3+x =0 — OOUH KOPEHb:
x =0;

(x—1)(x+2) =0 — xgBa KoOp-
Ha: x =1u x =-2;

. 1
sinx = E — OecuuncJIeHHOe

MHOXK€CTBO KOpHeIt;
x*+x+1 =0 — HeT KOpHeIi;
x24+2x+1 = (x+1)? — Gec-
YKCJIeHHOEe MHOMKECTBO KOP-
Helt, x € R

Pemnts ypaBHEHHE — 3TO
3HAYUT HAWUTHU BCE €T0 KOPHU
UIu JOKAasaTh, YTO UX HET

2x-T7T=3;x=5
2x—1 = 2x; KOpHEN HeT

PaBHocuibHBIE ypaBHEe-
HUA — YpPaBHEHUI,
KOTOpbIe UMEIOT OJHU U Te
JKe KOPDHU WMJIU He MMEIOT
KOpHel

2
x +81:0
x+9

x—-3=6mu

CBoWicTBa ypaBHEeHUMN

Eciu u3 ogHOIT yacTu ypas-
HEHUs IIePeHEeCTH
Mble B APYIyI0 4YacTh W MPHU
9TOM M3MEHUTH 3HAK cJjiarae-
MBIX Ha IIPOTHBOIIOJIOKHBIM,
MOJIyYUM ypaBHEHUE, PaBHO-
CUJIbHOE JaHHOMY

cjarae-

~2(2x-3)+3 = 17;

—4x+6+3 =17;
—4x =17-6-3;
—-4x = 8;

x = 8:(—4);

x =2
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OkoHYyaHue mabaulybt

Ilpu nmenenuu (yMHOMKEHUU)
obenx uyacTeil ypaBHEHUs Ha
ONHO W TO K€ YWCJIO, HepaB-
HOe HYJI0, MOJYYUM ypaBHE-
HYEe, PABHOCUJIbHOE JaHHOMY

12x = 24;
12x:12=24:12
x = 562

JlnHelHble ypaBHeHUSs ax = b (npuBoauMbie K BUAY ax = b)

a+0 a=b=0 a=0,b%0
OJIH KOpPEeHb OecurcIeHHOe KOpHEH Her
.= 2 MHOKECTBO KOpHEn
T a x € R
2x = =7, 0-x=0; 0-x="1;
x——7' x € R KOpHEH Her
2 ’
x=-3,5

KBagpaTHble ypaBHEeHUS

KBagpaTHoe ypaBHeHUE —
39TO ypaBHeHUe BHUJA
ax’+bx+c=0,a %0,

rue x — mepeMeHHasd,

a, b, ¢ — HEKOTOpbIE Yucia

2x2+5x-4=0

a = 2 — mepBBIA KO3 DuIU-
€HT;

b = 5 — BTOpOU KO3(DPUILU-
CHT;

¢ = —4 — cBOOOAHBIN UJIeH

Eciu a = 1, To ypaBHeHUE
x*+bx+c=0
Ha3bIBaeTcsda HpPlBe,Z[éHHBIM

x2—=6¢c+8=0

Ecnu B ypaBuenuu b = 0
u (unu) ¢ = 0, To ypaBHEeHUE
HaA3bIBAIOT HEIOJIHBIM.
ax?+bx = 0; ax?+c = 0;
ax*=0

2x%+3x = 0; x>—4 = 0;
—5x2=0
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PelueHne HenonHbIX KBaApaTHbIX YyPaBHEHUN

Buns! ypaBHeHuit IIpumepbl
c=0 2x2-Tx=0
ax?+bx =0 *(2x-7)=0
x=0 wumm 2x-7=0
x(ax+b)=0
b x,=0 x,=3,5
x,=0; x,=-—
a
2)3x2-9=0  6)x?+16 =0
2 _ 2 —
ax’+c=0 3;C_9 = 16
ax’ — —ct x*=3 KOpHel HeT
a) ¢ > 0, KopHel HeT; X, = \/§;
6) c <0, x12=i4f—E x, = 3
’ a
2 —
ax®>=0 z—_OO
x=0 B

PelueHue KBagpaTHOro ypaeHeHus ax?+ bx+ ¢ =0 no ¢popmyne

D = b>—4ac KopHu ypaBHeHUs
D>0 -b+/D
S
a
D=0 v b
L2 9q
D<O0 KOpHeH HeT

B —b++b% —4dac

X =
1,2
’ 2a
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YacTHble popmMynbl NS peleHns KBaapaTHbIX ypaBHEHWA

KBagpaTHoe ypaBHeHUe ax?+2kx+c =0 (b = 2k)

C YETHBIM B+ /kz _ac

BTOPBIM K02 MOUIMEHTOM X0 = T
IIpuBenénHoe KBagpaTHOE x2+2kx+c=0(a=1, b=2k)
ypaBHEHUE C YETHHIM X, =kt [ B¢

BTOPBIM K02 MOUINEHTOM ’

KBappaTtHbii TPEXuneH

KrpagpaTHsiii Tpéxumen — ax?+bc+c (a #0)

9TO MHOT'OYJIEH BTOPOit

CTenleHUu

Kopens kBanpaTHOTO TpéX- YUCIO X, JJA KOTOPOTO
wieHa ax’+bx+c axy +bx,+c=0

Kopuu kBagpaTHOro Tpéx- b+ /bz _ 4ac

wneHa ax?+bx+c X9 = T o

-
Teopema Buera \

Ecnu x, m x, — KOPHM KBaJ[PaTHOTO TpéxdneHa ax’+bx+c, To

2
+ b c
X+ Xy =——; Xy Xg=—

1 2 ’ 1 2
a a

Ecnn x, X, — KODHU KBaJPATHOTO IIPUBEAEHHOTO TPEXUIEHA
x*’+bx+c, To x,+x,=—b; x,-x,=c

Pa3znoxeHune KBagpaTHOro TpéxyieHa Ha MHOXUTeNnu

Eciu x, u x, — KopHHK 2x%—x—3 uMeeT KOpPHU
KBaJIpPaTHOTO TPEXUJIEHA x,=1,5u x,=-1, rorna
ax’+bx+c, TO BBEIIOJIHAETCA 2x2—x—-3 =

paBeHCTBO ax’+bx+c = =2(x—-1,5)(x+1) =
=a(x—x)(x—x,) =(2x-3)(x+1)
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Pasden 2. YpasHeHus u HepaseHcmeaa

VpaBHeva, cBogsumecs K KeagpaTtHbiM

Pauuonam,nme YPaBHEeHUA —
YpPpaBHEHHUA, B KOTOPBIX JieBad U IIpaBad 4YaCTU IIPpeaCTaBJIEHbI
panroOHAJBbHBIMU BBIPDANKEHUAMU

v

v

Henue — JieBad U IIpaBasd

YacTu — IeJble BhIpae-
HUA.

1 -2
3(x-1)=x+3; —x ==

3 2

NIpobuble — ypaBHEHWUsd,
Y KOTOPBIX XOTA OBl OIHA
4acTh — JOPOOHOE BBIpake-
HUe.

2x +1

X
X

=4 wunn

_ 3
x-1 x+1

Apo6GHO-paunoHanbHbie ypaBHEeHUs!

B YpaBHEHUeE.
2. YMHOXUTH 00e uYacTu
ypaBHeHUs Ha OOIuil 3Ha-
MeHAaTeb.
3. Pemurs
IeJioe ypaBHEHUE.

4. VICKJIIOUUTH U3 ero Kop-
Hell Te, KOTOpbIe obOparlra-
0T 3HaMeHaTeJ b B HYJIb

IOJIyYeHHOE

AJnropuTt™M peumreHus IIpumep
1. Haiitu oOmuii 3Hame- x-2 1 -3
HaTeJ b Apobeit, BXOAAIIUX x-3 x x(x - 3)

Pewenue.

O6muit 3HameHartesb X(x—3).

VMHOKVM Ha Hero obe 4YacTu

(x#0mx=3):

(x—=2) - x(x—-3) + 1-x(x—-3) _
x -3 x

. 3x(x-3) .

T x(x-3)

(x—2)x+x-3 =-3;

x?2—x =0;

x,=0;x,=1;

HO x # 0.

Omeem: 1
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Llenbie ypaBHEeHNS BbICLLUMX CTENEHEWN,

cBogsiLimecsd K KeagpaTtHbiM

Merton penreHusE

Ilpumep

PagnosxeHue MHOrouJeHa Ha
MHOMXUTEJIN

x3—x?2-9x+9 = 0;
x2(x-1)-9(x—-1) = 0;
(x-1)(x*~9) = 0;
(x=1)(x—-3)(x+3) =0;
x,=1x,=3;x,=-3

3amMeHa epeMeHHOI

BukBagpaTtHoe
x2+5x2-36 = 0.
Crenaem sameny: x? = t.
t2+5t—36 = 0;

t,=4; x*=4; X, = +2;

t, = —9; x* = —9; ypaBHeHUe
KOpHeH He MMeer.

Omeem: —2; 2

ypaBHeHUe:

UppaumnoHanbHbie ypaBHEHUS

VpaBHeHne, B KOTOPOM Irepe-
MeHHAasl HaXOAUTCS IIOJ 3HA-
KOM KODHsI, HAa3bIBAETCI UP-
panmoHaIbHBIM

Jx+3=4; Y =Vx +2

OC0GEHHOCTU peLleHUs UpPaLUOHasbHbIX ypaBHEHU

maTeJbHBbI.

JKeHUs, BXOAAIINE B ypaBHEHUE)

1. V ypaBHeHUA KOpHU YETHON CTelleHU — apudMeTHUECKUE,
II09TOMY 3HAUEHME KOPHA U IOJKOPEHHOe BhIpaKeHue HeOTPU-

2. Pemrenue ypaBHEHUS HAUWHAIOT C HAXOMKAEHUA 00JIaCTU
ompenenenus (06aacTh ompemeaeHus (uau o6JacTh AOIMYCTH-
MBIX 3HAUEHUI) — 9TO MHOYKECTBO BCEX JEeMCTBUTEJNHHBIX UM-
cesl X, IPA KOTOPBIX OJHOBPEMEHHO MMEIOT CMBICJI BCE BBIpAa-
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Pasden 2. YpasHeHus u HepaseHcmea

OCHOBHbI€ METOAbl PELUEHUS UPPaLUOHaNbHbIX YPaBHEHUIA

Bossegenue obenx
JyacTe ypaBHEHUSA
B CTeIleHb

V9-x=x+3

O6acTh ompegeneHusa (PYHKIUN:
9-x>0, x<9.

2
(\/§—x) =(x+3)?% 9-x=
=x?+6x+9; x(x+7)=0; x, = 0;

x,=-1.
IIpoBepka mokasajyia, 4To X = —7 —
TIOCTOPOHHUM KOPEHb.
Omeem: 0
«MBonanusa» KopHA [x+92+J3—-x = 3
x+220, .
013: {3—x20; x € [-2; 3].

Nx+2=3-V3-x;

2 2
(\/x+2) =(3—\/3—x) ;
Xx+2=9-6v3-x+3—x;
5—-x=3V3-x;
25-10x+x%2=9(3—x); x2—x—2 = 0;
x,=—1;x,=2.

IIpoBepka mokasasia, 4To 00a KOPHA
SABJSAIOTCS KOPHSAMU YPaBHEHUS.
Omeem: —1; 2

YpaBHeHUE BUAA

{f(x) = ®/g(x) Bos-

BOJAT B CTENEHb,
k — HauMeHbIIee 00-
mee KpaTHoe YKCeJt
mun

Jer-1=%x+1; O03: x > 1.

BosBeném o6e yacTu ypaBHEHUSA
B IIIECTYIO CTEII€Hb:

(Va-1) = (@x+1)"; x- 1 -

= (x+3)%

x3—-4x2-3x—10 =0.

ITogGopom Haxogum X = 5.
(x=5)(x*+x+2)=0; x>2+x+2=0 —
KOpHell He MMeerT.

IIpoBepka mokasana, 4To X = 5 —
KOpeHb ypaBHEHUH.

Omeem: 5
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TpuroHomeTpuyeckne ypaBHeHUs!

OGpaTHble TPpUroHomeTpudeckme GyHKLUN

Omnpenenenue

CaoiicTBa

ApKcuHyCcOM umciia @ Hasbl-
BaeTcs yroJ (4uciio) ua mpo-

T T
MEeXYTKa —E; E 5
CHHYC KOTOPOI'O PaBEH a.

[ [ n. =
[ (9|55
Isin(pza
lal <1

arcsin(—a) = —arcsina;
sin(arcsina) = a;
arcsin(sing) = @, ecau

oo 4]
2’2

ApKKOCHHYyCOM UmCJia @ Ha-
3BIBAETCA YroJ (YUCJI0) U3
npomexxkytka [0; m], Kocu-
HYC KOTOPOT'O PaBeH a.

roa—g] = {12107
cosp=a

la) <1

arccos(—a) = m—arccosa;
cos(arccosa) = a;
arccos(cos@) = @, ecau
¢ € [0; 7]

ApKTaHreHcoM yucJia a Ha-
3BIBAETCA YroJi (UMCJIio) us

IPOMEKYTKA (—E' E]
y 2 ? 2 ’

TaHI'eHC KOTOPOro paBeH a.

noT
arctga=¢| {9€ )
\tgo=a

arctg(—a) = —arctga;
tg(arcctga) = a;
arctg(tgo) = ¢, ecan
[ = nw

<733

ApKKOTaHT€HCOM UYmucJIa a
Has3bIBaeTCA Yyroj (4ucyo)
u3 npomexkyrka (0; m), Ko-
TAHTE€HC KOTOPOTO PaBeH da.
{<P € (0; m)
ctgp=a

arcctga = ¢o| &

arcctg(—a) = n—arcctga;
ctg(arcctga) = a;
arcctg(ctgo) = o,

eciu ¢ € (0; n)
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OKoHYaHue madbaulybl

s Y
arcsina + arccosa = E

arctga + arctga = g

MpocTenwme TPUroHoMeTpUYECKUe ypaBHEHUSA

sinx = a

la| > 1 — xopueit mer;
la| < 1;
x = (-1)" arcsina+nn,
n e Z;

sinx =0
x=rnk, k € Z;

sinx =1

x = ’ 5

N
: I
)
a
kS
>
m
N

2]
.
=}
&
]
|
=

x=—g+2nk,kez

a) sinx = \/g; KOpHel HerT, T. K.

J3>1;

6) sinx = %;
2
x:(—l)"%+nn,nez;
. 1
B) sinx = ——;
2

x = (-1 % +7n, ne’;
. 1
r) sinx = —;
3

x=(-1)" arcsin% +7n, n € Z;

T 1
i 3x - = =—-—
I) sm( x 6] 7

3x-L= (1" aresin 1 + mn;
6 7

3x = (-1)" arcsin 1 + kil + mn;
7 6

x = tarccosa+2nn,
nelZ

a1 .1 7m mn
x=(-1)"—arcsin—+ —+—,
3 7 18 3
neZz
a) cosx = —15; KopHeii HeT, T. K.
la| > 1 — kopweii mer; 15[ > 1;
lal <15 0) cosxzég




2.1. YpasHeHusa

55

OkoHYyaHue mabauybl

cosx =0

x=§+ﬂ:k,kez;

cosx =1

x=2nk, k € Z;

cosx = —1

x=n+2nk, ke Z

x:ig+2nn,nez;
1

B) COSX = ——;
2

2n
xzi?+zrcn,nez;

2
r) cosx = —;
3

2
x = iarccosg + 2nn, n € Z;

I) cosx = —g'
3’

2
x = i(n - arccong +27nn, n € Z;

e) cosfz 1; ad = 27n;
3 3
x=6nn,necZ

x = arctga+nk, k € Z

a) tgx = 3; x = arctgd+nn, n € Z;
0) tgx = —4; x = —arctgd +nn,
n ez

x X T

B) tg— =1 —=—+nmn;
)g4 4 4
x=n+4nn, n € Z

x = arcctga+nk, k € Z

1 T
a) ctgx=—; x=—+mnk, keZ
V3 3

0) ctgx = —3; x = n—arcctg3 +nk,
k e Z;

B) ctgx = —1; x=¥+nk,kez
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OCHOBHbIE MeTOAbI peweHuna

TPUroHOMETPUYECKUX YyPaBHEeHU

TpuroHoMerpuuecKrue ypaBHEHUs, IIPUBOAVMEIE K yDaBHEHU-
AM OT OJHOUW TPUTOHOMETPUUYECKOUN (hYHKIIMU OJHOI IEPEMEH-
HOMH, pemramTca (KaK IPaBUJIO) METOAOM HMOACTAHOBKH

sin? x+4 cosx = 2,75;
1-cos? x+4 cos? x =

= 2,75; cosx = t, |t| <1;
t2—4t+1,75 = 0;

1
t=—;
2
t=z>l;
2
b
x=t*t—+2nn,ne 7

?2-4t+1,75 =0 —
pelieHuit HET

tgx+3 ctgx = 4; tgx+i=4;
tg x
tgx =t; t?—4g+3=0;t=1,
t=3;
T
x=Z+Tcn, n, kel
x = arctg 3 + 7k,

OxHOpOaHBIE TPUTOHOMETPUYECKHE YPABHEHUA U CBOAANINECT K HUM

2 sinx cosx—cos? x = 0;
cosx(2 sinx—cosx) = 0;
cosx =0 =

I
x:§+nn,neZ;

2sinx—cosx = 0.

KopHu ypaBHeHus

cosx = 0 He ymoBJIeTBO-
PAOT 3TOMY YPaBHEHUIO.
Henum Ha cosx # 0.

21tgx-1=0; tgx = %;

1
x:arctg§+nn, nez

1
5sin2x+§sin2x—2cos2x =2

. 1 .
5sm2x+E-Zsmxcosx—Zcost =

= 2(sin? x +cos? x); 3 sin? x+sinx
cosx—4 cos? x = 0.

cosx # 0. ITeaum Ha cos? x.

3tg? x+tgx—4=0; tgx =1

4
utgx=-—;
& 3
Y
X = —+7n,
4 . n kel

x = —arctg — + nk,
L €3

PaznosxeHne Ha MHOKUTETIH

7251an—2= cosx—Z\/Esinx;

. 5.
x/§smxcosx—cosx—2+2\/2smx =0;
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OkoHyaHue mabaulybt

cosx(ﬁsinx—l)—Z(l—x/Esinx) =0;
(\/Esinx—l)(cosx+2) =0;

V2sinx-1=0 unu cosx+2 =0
sinx = E cosx = —2
x=(-1)" g +7nn,nez KOpHeil Her

Moka3aTenbHble ypaBHEHUSA

VYpaBuenus suga a™ = b, a™ = a*® (rge a > 0, a # 1, b > 0)
Ha3BIBAIOTCA MPOCTEHIINMH TIOKA3aTeIbHBIMU
a’™ =a*a>0,a=+1 a) 3% =9 0) 27 = —4

@ 32t = 32 KOpHel HeT,

2x+4 =2 T. K. 4 <0

() = g(x) o1
a*=b,a>0,a#1,b>0 3*=9 2* =17

@ x=2 x = log,7
x =1log b

£ 2% = —b, KOopHell HeT

OCHOBHbIE MeTOoAbl peweHus noka3aTeJibHbIX ypaBHeHMﬁ

Csepmenue obeux J2 1
. 2x—3 N 4x _ . 2x—3 . 22x _ 22 . 2—4x,
yacTell ypaBHEHUS ~ 16’ = >
K OJHOMY OCHOBA- 1
——4x 1
HUIO ¥ 8+2x _ 92 7. 3y 3= 5 4x;
1
x ==
2

Brinecenue 3a CK0O- 5¥—2.5*% = 23; 57 }(52—-2) = 23;
KU OOII[ero MHOMKHU- 5*2.23 = 23; 52 =1; 52 = 5%
Teast x—2=0;x=2
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OKoHYaHue madbaulybl

3aMeHa mepeMeHHOMN

451-3.2°-10 = 0; 4-4~3-2--10 =
=0; 2°=1t, t > 0; 4* = 22* = ¢%

4t2-3t-10=0;t=2mu t:—g —

He yIOBJIETBOPsET ycaoBuio t > 0;
2*=2;x=1

OxgHOpOAHBIE
YpPaBHEHUA

U CBOJAAIIUAECH
K HUM

4*+3-6"-4-9* = 0;
2%¢4-3.2%.3*—4-3% = 0. [Ieaum oGe
yacTh ypaBHeHuA Ha 3% # 0.

2x x x
DEERLR
3 \ 3 3
t>0;t°+3t-4=0;¢,=1,t,=—4;

(gj =1; x=0; (E) = —4; KopHeil
3 3

HEeT

Jlorapndmunyeckue ypaBHeHUSA

JlorapudmMuveckuMu Has3bl-
BaIOTCA ypPaBHEHUdA, COJep-
JKallue IepeMeHHYIO 1107,
3HaAKOM Jorapudma

log,(2x-38) = 1;
log x* = log, (x+7);
lgx =3

OCHOBHbIe BUAbI NorapudMmnyecknux ypagHeHui

N MeToAabl UX peueHnsa

lo x)=b < _gq_ 94
2,7() log,(x—3) = 4; [x-3=2",
f(x) =a’, 1x—3>0;
a>0, x=19
a+1

logf(x)g(x) =be
f(x)’ = g(x),
f(x) > 0, (
flx)#1, 1x >0,
Lg‘(x) >0 x#1
x=4

log (2x*—3x—4) = 2;

x =4,

2x% - 3x -4 = x2, Hx =-1,

= x>0, =
x#1
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ITpodonnxernue mabauybt

log, f(x) = log, g(x) &

log,(x*—4x—-5) = log,(7T-3x) =

f(x) - g(x) = h(x),
f(x) >0,
g(x) >0,
h(x) >0

f(x) = g(x), ¥ -x-12=0,
{f(x)>0 o {x274x75:7—3x, |
7—-38x>0; Ix < —;3
{f(x) = g(x), 3
g(x)>0 |:x =4,
x —7—3, x—-3
x < —
3
logf(x)g(x) = logf(x)h(x) log (3x—1) = log (2x+5);
g(x) = h(x), _ x =6,
g(x) > 0, 3x>—01 =2x +5, x>0,
f(x) > 0, iil’ x#1,
fx)#1 3x—1>0; x>l;
g(x) = h(x)9 3
h(x)> 0, x=6
f(x) >0,
flx)=1
log, f(x)+log g(x) = Ig(x-9)+1g(2x—1) = 2;
= log h(x) & Ig(x—9)(2x—-1) = 1g100;

x—-9>0,

(x —9)(2x -1) =100,
2x -1> 0;

2x” ~19x +9 = 100, Hx =13,

x>0, x=-3,5, x=13
1
2. x>=;

x> 53

log, f(x)—log,g(x) =
=log h(x) &
log, e log, h(x),
g(x)
f(x) >0,
2(x) >0,
{h(x) >0

log,(x+1) = log,27—log,(x+3);

27
log,(x +1) =log, ——;
25( ) 8 3

el g¥? [P rax-5=0,
| ’ x>-1
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OxoHuaHue mabauuybl
nlog, f(x) = o 1 B .
= log, h(x) lg(x - 2) - 3 IgBx - 6) =1g 2;
Jloga(f(x))” = log, h(x), | 218(x—2)~1g(3x~6) = 2 1g2;
f(x)>0, 2 [(x-2)
x—2 Q)
|h(x) > 0 lgﬁ:lgzl; s 6 &
x> 2
9 _ x =2,
{x —21.6x+28—0, [x=14, 14
x> x> 2;
JlorapupmupoBanue x'8*°2 = 1000; g x'#%72 = 1g1000;
oGemx wacreii ypas- (lgx—2)1gx = 3; lgx = ¢; t?-2t-3 = 0;
HEHUs t=-1ut=3;lgx=-1,x=0,1
ulgx =3,
x = 1000

PaBHOCUJIbHOCTb YyPaBHEHUN U UX CUCTEM

IIBa ypaBHeHUSA HA3BIBAIOTCH
PaBHOCHJIBHBIMHU, €CJIH OHU
MMeIOT OJHU U Te Ke KOPHU

§=4 u 2x—16 = 0

B PaBHOCUJILHOE €My ypaBHEHUE:

TOJIOKHBII);

JKe Ymcsa uian QyHKIUN;

IIpeoGpasoBanus, MpU KOTOPBHIX yPABHEHUE MEPEXOIUT

® TIEPEHOC CJaraeMbIX U3 OJHOI YaCTH YPaBHEHUA B PY-
ryo (Ipu 3TOM 3HAK CJIAaTaeMOT0 MEHSETCA Ha IIPOTUBO-

e mpubaBjieHNe K 00eMM YacTAM YPaBHEHUS OTHOTO W TOTO

e YMHOKEHUe WU JejieHue o0enx uvacTell ypaBHEHUA Ha
OJHO U TO 2Ke YMCJIO WiIu (PYyHKI[UIO, He PaBHbLIE HYJIO

MpocTeiilune cuctemMbl ypaBHEeHU C ABYMS HEN3BECTHbIMU

HeHUII, B KOTOPBIX HEOO0XOmIu-
MO HaWTHU Bce OOII[Me PelleHus

Omnpenenenne IIpumep
CucremMoii ypaBHeHUII Ha3bLIBA- 2x -3y = 5,
0T []Ba WJIU HECKOJbKO ypasB- 22 +ty=1
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OkoHyaHue mabaulybt

Omnpenenenne IIpumep
Cucrema ypaBHEHUII Ha3bl- ITapa uwucen (3; —1) ABas-
BaeTcs JIMHEWHOM, ecJau Bce eTcs pelreHnueM CUCTEeMbI
YPaBHEHUS, BXOIAIINE B CH- 2x -3y =9,
CTEeMY, ABJISAIOTCSA JUHENHBIMN: 3x+2y="17

ax+by=c,

{a2x + by = c,.
Pemenuamu Taxkoil cucTeMbl
ABJISAETCSA YIOPALOUeHHAas mapa
vuces (x; y)

Pemruts cucremy — 3HAUYUT HANTU BCe €€ PEIIEHUS WJIN JOKAa-
3aTh, UTO UX HET

,D;BE CHCTEeMBbI Ha3bIBAIOTCA PAaBHOCHJIBHBIMHU, €CJIN OHU MMEIOT
OJMHAKOBO€ MHOMECTBO peH.IeHI/Iﬁ uau o0e HeCOBMECTHBI

KoauuecTBOo penreHuil TMHEHHONH CHCTEMBbI
IBYX YPaBHEHMIi C IBYMS IepeMeHHbBIMH
B 3aBHMCHMOCTH OT KO3()(PUIIMEeHTOB IIPU HEU3BECTHHIX:
ax+by=c,
{azx +by = ¢,

3aBucHUMOCTh K03((hUIHEeHTOB I'pacduueckass MHTEPIIPETALUA
a b c
Eciu —+ =121 cucrema R
a, by ¢

2
perieHuii He UMeeT \ \
V \

Dax+by=c;

2) a,x+by = c,.

IIpsamble mapajiiesbHBI, TO-
YeK IepeceueHusi HeT
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OkoHYyaHue madbaulbl

3aBUCUMOCTh K03(hhHIMEeHTOB I'pacuueckass mMHTEPIIPETALUA

a b c 1
Eciu —+ =1 =" cucrema 9
a, b, ¢
uMeeT GECUMCIIEHHOE MHOJKE-
CTBO pelneHuii (HeompeaeacH- 0

Ha) /

Dax+by=c;
2) a,x+by = c,.
IIpamsbie coBmazamoT, BCe TOU-
KN NIOPAMBIX ABJAKTCA pPe-

e

mIeHuAMN

a b
L 1 __ omgmO pemenue

a, b,

7 ;0\

Dax+by=c;

2) a,x+by = c,.

IIpambie mepecerarmTCsA, TOU-
Ka mepecedeHud (X, y,) —
pellleHye CUCTEeMBbI

OCHOBHbIle ﬂpMéMbl peweHunda cucTtem ypaBHEHMﬁ

Croco6 3x+4y=-3
IOACTAHOBKM: a) {y =3x+18.

1) BBIPA3UTH OAHY Pewenue
epeMeHHYIO U3 y=3x+18,
KaKoro-i1mbo ypas- 3x + 4(3x + 18) = -3;

HEeHUuA CHUCTEeMBbI

3x+12x+72 = -38;
4yepes APYTyIo;

x =—5;
y=3-(-5+18 = 3.
Omeem: (—5; 3).
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ITpodonnxernue mabauybt

2) mOACTaBUTH BMe-
CTO 9TOIi IepeMeH-
HOU B [pyroe ypas-
HEHUe IOJIyUeHHOe
BBIDAKEHUE;

3) pemuTh IOJy-
YeHHOe ypaBHEHUe
C OOHOU TepeMeH-
HOI;

4) HaliTU 3HAUYEHUE
BTOPOW  TepeMeH-
HOI;

5) sammcaTb OTBET

) 2x+y=m, -
cos(3x —2y) = 0,5

y=mn-2x,

cos(3x —2n + 4x) = 0,5;

cos7x =0,5; Tx = ig + 27k,

=+ 2R g
21 7
n  2nk
x=—+"—
21 7
_lon _dmk
21 7
n  2nk
:——+—’
21 7 Eke7Z
_23n_4nk
21 7

Metopn
aare6pamyecKoro
CJIOKEeHU A

T-x+y-xy=0,
5-y+x—xy=0.
Pewenue.
CJI0KUM TIOYJIEHHO U BBIUTEM ypaBHE-
HUS:
+ T—-x+y-xy=0,
S5—y+x—-—xy=0;
12 -2xy = 0;
xy = 6;
)T-x+y-xy=0,
5-y+x—-—xy=0;

2-2x+2y=0;
x—-y=1.
ITosiyuM  paBHOCHUJIBHYIO  CHUCTEMY

ypaBHEHUH xX-y=2
xy = 6.
Pemum eé cmoco6oM IOJCTAHOBKU.

Omeem: (=2; =3) u (3; 2)
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OKoHYaHue madbaulybl

y=2.

OGosmaunm 52 = t,

MeTton 3amMeHBI 5* —3Y =16,
nepeMeHHOMH x oy
52 -32 =2,
Pewenue.

x

y
32 =z, mOIy4YUM

cUCTeMYy anredpamuyecKux yYpaBHEHUI.

2 2 —

Jt -2’ =16, _, {(t—z)(t+z)—16,:>
(t—2=2 t—z=2

2t + 2) = 16,

t—z=2;

x y

t=5;2=8;52=5 x=2; 32 =3,

Omeem: (2; 2)

Ucnonb3oBaHne cBOoMCTB U rpadukos byHKLUA

npv peweHun ypaBHeHUun

Orpannuensocts O/13

Ecau o6sacTh OOMyCTHMBIX
suauenuit (O03) ypaBHeHU,
HEepaBeHCTBA WU
MBI COCTOUT W3 OTPaHUYEH-
HOT'O KOJHYecTBa 3HAUEHUI,
TO AJIA PelleHus ypPaBHEHUS
IOCTATOYHO ITPOBEPUTH OSTU
3HAUEHUA

Cucre-

Va2 1+ x=1+v2-2x%;

ona: {xz “120 ey
2-2x20

x=+1.

IIpoBepka mOKAa3BIBAET, UTO

x=1 — KOpeHb ypaBHEHUA.

Omeem: 1

O1eHKa JIeBOIl M MPaBOil YacTeil ypaBHEHHT

_ f(x) = a,
f(x) = g(x) & {g(x) —a
fx)>a

gx)<a

V1-22 =1 +xl;

f(x)=1-x2<1,

g(x) = V1 ++/lx > 1.
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OkoHyaHue mabaulybt

Ecin npu pemrenuu ypasHe-
HuA f(x) = g(x) BBISCHUIOCH,
uto f(x) > a u g(x) < a, TO
PaBEHCTBO [JOCTUTAETCS TOT-
na, xorja f(x) = g(x) = a

Torpa ypaBHeHUEe paBHO-
CUJIBHO CHCTEME

(1-x2=1,
oS X =
T L+lxl =1

Omeem: 0

i)+ (x)+..+f (x)=0
f(x)20  f(x)=0
fo(x)=0 o fo(x)=0

>0 f@)=0

\/x—2+|x2—29c|+(x2 -4 =0
fi(x) =+x-22=0;
f(x) =lx® - 2x > 0;

L(x)=(x*-4°20 <

Jx-2=0,
|x2—2xl=0, x=2.
(x* -4)° = 0;

Omeem: 2

Hcnons30BaHue BO3pacTaHUA M YyOBIBAaHHA (DyHKIHI

D
A

®
S
el

X

KODHS HA 3TOM IIPOMEXKYTKE

Ecau B ypaBmenuu f(x) = a QyH-
Knusa f(x) Bospacraer (yObIBaer)
HA HEKOTOPOM IIPOMEXKYTKE, TO 9TO
ypaBHeHHE UMeeT He 0oJiee OJTHOTO

VYpasuenue

\/; +2x% = 3 umeer
OIUH KOpPeHb x = 1
(J1+2-1% =3,

T. e. 3 =3),
TOCKOJbKY (PYHKITUSI
f(x) = \/; +2x% Bos-
pacraer Ha Bceil 00-

JIACTH OIIpe/esIeHNs
x>0
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OKoHYaHue madbaulybl

0] & X, B\ x
Eciu B ypaBuenuu f(x) = g(x) omgua
u3 (PYHKIIUU BO3PACTaeT, a BTOpas
yObIBaeT Ha HEKOTOPOM IIPOMEXKYT-
Ke, TO ypaBHeHHEe MMeeT Ha HEM He

YpaBHeHUE

x/;+x3 =3 - x ume-
eT OAUH KOpeHb x = 1
V1+13=3-1, . e.
2 = 2), IOCKOJIBKY

f(x) = Jx + %8 BO3pa-
cTaeT Ha Bceil obJia-
CTU OIpeesIeHus
x>0,ag(x)=3—x
yOBIBaeT Ha MHOMKECT-

6oJiee OOHOT'O KOPHA

BeRux>0;x=1

Hcnonp30BaHue OTPAaHNYEHHOCTH (DYHKIIMIA

IIpu pemenuu Tpu-
TOHOMETPUYECKUX
YPaBHEHUU MCIIOJIb-
3YIOT OI'PaHUYEH-
HOCTBL (hYHKIIUHI

y = sinx, y = cosx

x x
cos—+cos2x = 2. cos— u cos2x
2 2
UMeloT HauboJibillee 3HaAUEeHHe,
x
pasHoe 1, cymma COSE u cos2x

pPaBHa 2 TOorga W TOJIBKO TOorga, Kormga

x =
=1
{x

x=4nn,n € Z

4nn, n € Z,

x
cos—=1,
2 nk kel

cos2x =1

Hcnons3oBanue rpadukoB (pyHKIUI

Hns pemmeHus
ypaBHeHUs g(x) =
= f(x) HYKHO II0-
CTPOUTH I'papuKn
Gysrnui y = g(x)
u y = f(x) u HaliTu
TOUKY UX Ilepece-
YeHUA

Huia pemeHus ypaBHeHUS
(gj = x +1 mocTpouM rpaduKu
dyEKnHH y = x+1u y = 3% Oxnn

uMerT ogHy o6y Touky (0; 1).
VpaBHeHUEe uUMeeT OAUH KOpPeHb: X = 0
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U306pakeHne Ha KOOPANHATHOM MNJIOCKOCTU MHOXECTBa
peLueHnii ypaBHEeHUii ¢ ABYMS NEePEeMEeHHbIMU U UX CUCTEM

YpaBHeHUA ¢ OBYMS IIe-
PEeMEeHHBIMM — 3TO ypPaB-
wenus Buza f(x; y) = 0.
Vnopsanouenunas mapa
uuces (x,; y,), KoTopas
mpeBpalaeT ypaBHeHUe

B BEPHOE DaBEHCTBO, Ha-
3BIBAETCS pPelIeHueM
ypaBHeHus f(x; y) =0

Oxpy:kHOCTH C¢ 1eHTpoMm (0; 0)

x2+y?=R?

u paguycom R

T'paduk ypaBHeHuUsA C 1BY-
Ms TEePEMEHHBIMU — 3TO
MHOJKECTBO BCE€X TOUYEK
KOOPAUHATHOM ILJIOCKOCTH
(g5 Yy)> Toe (x5 Y,) — Dpe-
IIeHUA yPaBHEHUS

Ksagpar ¢ nnearpom (0; 0), nua-
roHa/IM KBajgpaTa JieyKaT Ha

—a

e +lyl = a

ocax Ox u Oy

Cucrema IByX ypaBHEHUIt
¢ IByMs IepeMeHHbIMU
{fl(x; Y) = & (x; y),

o (x5 y) = 85(x5 Y)-
Y1008 1300PA3UTH MHO-
JKEeCTBO PeIlleHull cucTe-
MBI YPaBHEHUS C JBYMs
epeMeHHbIMU, HYKHO
IIOCTPOUTH UX IrpadUuKuU
B OJHOII cucTeMe KOODIu-
HAT ¥ HAWTU TOYKU Iepe-
ceueHUsa rpadmKoOB
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OkoHYyaHue madbaulbl

x2+y? = 25 — OKPY’KHOCTD
¢ meaTpom B Touke (0; 0) u pa-
auycom 5

12

xy =12 = y rumnep-

boa.

I'padpuru ypaBHeHUN IIepecex-
auck B Toukax (4; 3), (3; 4),
(=35 —4), (-4; -3)

MpumeHeHue mMaTemMaTN4eCcKUX MeTonoB
Ang peweHus NpakTniYecknx sagau.

WUHTepnpeTauus pesynbraTta

CKYI0 MOJeNb

IIpuknagable 3agauym — HTO 3a4a4U, YCIOBUSA KOTOPHIX CO-
IepsKaT HeMaTeMaTuuecKue NoHATuA. [[J1a permenus Takoi 3a-
Jauy MaTeMaTUYeCKUMU MeTOJaMU COCTABJIAIOT MaTeMaTuue-

Ba 1 X CHCTEMBbI

Mopgenas — 3TO CHeIUaJbHO CO3LAaHHBIA 00BEKT, KOTOPBIA OTO-
OpaskaeT CBOICTBa MCCJIELyeMOro O0ObeKTAa.

MaremaTuuecKkue MOMAEJNW CO3AAIOT, HCIIOJNb3ys MaTeMaTude-
CKMe TOHATHAA M OTHOIIEHWS: TeOMeTpHUUYecKue (PUIyphl, Uu-
cjla, BRIPAXKEHUA, a TaKKe (OYHKINN, YPAaBHEHUs, HePaBEHCT-

Permtenne mpukjaagHOUA 3ama-
Yy MaTeMaTUYeCKUMU METO-
IaMU OCYIIeCTBJISAETCS B TPHU
Jrama:

1) cosmaHnue MaTeMaTUYECKOM
MO JaHHOKM 3amadn;

2) pellleHrEe COOTBETCTBEHHO
MaTeMaTHU4YeCKO 3aJadmn;

3) aHa/IM3 OoTBETa, UHTEPIIpe-
Tanusa pesyabTara, YUET pe-
AJIbHBIX OTPaHNYEeHUN

CxeMaTHM4YHO OdTalbl pelrle-
HUA OPUKJIATHON 3ajaull BbI-
TJIALAT TaK:
A->B—->C—->D

A — naHHad MPUKJIATHASA 3a-
naJa;

B — eé maTreMaTuyecKas MO-
neJib;

C — oTBeT [ MOJeJIN;

D — oTBeT a1 OJaHHOU IIPU-
KJaIHOU 3amadun
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3amaua 1. CKOJIBLKO [OCOK
norpebyeTcsa AJs TOTO, YTO-
OBl 3aCTEJIUTH II0JI B KOMHA-
Te IJUHOU 7,5 M U IIUPUHOH
5 M, ecau AJWHA OIHOU mI0-
cku 6 M, a mupura 0,35 m?

Pewenue. IloBepxHOCTH IIOJIA
uMeeT (HopMy NOPAMOYIOJIib-
HuKa. Haligém miomangs aTo-
TO IPAMOYTOJbHUKA: 7,55 =
= 37,5 (m?).

9TO0 NpHKJIagHAdA 3axaya,
T. K. B Heil TOBOPHUTCS IIPO
IIOBEPXHOCTh IIOJIA — He-
MaTeMaTHu4eCKoe IIOHATHE.
MaremaTuyeckas MOgedb —
3aJaya 0 HaXOKAEHUHU ILIO-
Iagy MPAMOYTOJBHUKA.
Ananus pesyiabraTa — Ha-
XOKJeHue IeJIOYMCIeHHOTO
pelieHus MyTEéM OKPYTJIEeHH ST
¢ M30BITKOM

ILmomanb OMHON HOCKM, KOTOPaAs TaKsKe IPEICTaBJIAET COO0M
upamvoyroasHuk: 0,35-6 = 2,1 (m?).

3HaUYUT, JOCOK HYKHO: 37,5:2,1 = 17,86.

IIOCKOJIbKY KOJIMYECTBO JOCKU HOJYKHO OBITH II€JIbIM, OUEBUL-
HO, YTO JOCOK ImoTpedyercs 18 mITyk.

Omeem: 18

3amaua 2. 30%-#1 pacTBOpD
OOPHO¥l KHCJOTHI CMEeIIaJan
¢ 15%-m pacTBOpOM U TOJTY-
ypnau 450 r 20 % -ro pacTBo-
pa. CKOJIBKO TPaMMOB UCXOJ-
HOTO pacTBOpa B3ATO?

PacTtBOp GOpPHOM KHCIOTHI —
HeMaTeMaTH4eCKoe IOHATHE.
MaremaTuuecKas MOIeIb —
cucTreMa JIMHENHBIX ypaBHE-
HUI C IBYMA II€peMEeHHBIMU

Pewenue. Baanu x 30 % -ro pactBopa, y T — 15 % -ro pacTBo-

pa. Macca cmecu: x+y = 450.

Yuctoit 6opuoit kucmorer: 0,3x+0,15y mum 450-0,2. Ilony-

YUM CUCTEMY YPaBHEHUIA: {

x +y =450,
0,3x + 0,15y = 450-0, 2;

x = 150,
y = 300.

Omesem: 15 % -ro pactsopa 300 r, 30%-ro — 150 r

HpI/I BBITIOJITHEHUM BBIYUCJIEHUN C peaqlbHBIMU OJaHHBIMU pPe-
3yJbpTaT 4acTo HeOGXOHI/IMO OKPYIJIUTH U BBIIIOJTHUTH OLEHKY

pesyJsbTaTa
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OxpyrieHue gyucesx

Ecau uwmciao OKpyrismoT mo
Kakoro-imbo paspsanga, To
BCe TIocJjenymomue mUQGPHI
3a 9THUM DPas3pAIOM 3aMeHd-
0T HYJSIMU, a €CJIU OHU CTO-
AT IIOCJIe 3aIATOd — OoTOpa-
CBIBAIOT

e Ecam mepBass oTOpOIIIEH-
Hasg WJIN  3aMeHEHHas
"HyJaéMm mudpa pasHa 5, 6,
7, 8, 9, TO cToAlIYyIO IIe-
pen HUM IUDPY yBEJIUUU-

BaroT Ha 1.
e Eciau mnepBass o0TOpOIIIEH-
HasA WJIM  3aMeHEHHad

myaém nudpa pasza 0, 1,
2, 3, 4, TO CTOAIIYIO IIepe
Hel nudpy ocTaBaAT 6e3
U3MeHeHUN

OueHka pe3yIbTaTOB U3MepPeHUI

Aob6comoTHasa
BBIYMCJEHUN — MOAYJb pas-
HOCTH MEXKJIY TOUYHBIM 3Ha-
YyeHUeM BeJUUUHBI U €€ IpU-
OJIMKEHHBIM 3HAYEHHEM

MOTPENTHOCTH

lx - a
X — TOYHOE 3HAUYEHWUeE,
a — IpUOIMKEHHOE

Ilpu HeBO3MOKHOCTH HAali-
T TOYHOE B3HauyeHue abco-
JIIOTHOIU/I IIOTPEITHOCTU MOMK-
HO JaTh OLEHKY a0COJIOTHOMH
IOTPEeIIHOCTH

a — mnpubJMKEHHOE 3HaUe-
HUe Ymceya X.
lx—a| < h, T. €.
YUCJIO X PABHO YUCTY @
C TOYHOCTBIO J0 h:

x=a+h.
Hanpuwmep, sanucs x = 3,42 +
+ 0,01 osHauaeT, YTO X paB-
HO 3,42 ¢ TOYHOCTBHIO IO
0,01, T. e.

3,41 < x < 3,43.
Yucaa 3,41 u 3,43 — mpu-
OJMM)KEHHBIE 3HAYEHUS YMCTIa
C HeJOCTATKOM U U30BITKOM

OTHOCHUTEIbHASI IOTPENIHOCTH

— YacTHOe OT JeJeHus abco-

JIFOTHOH TOrPEIIHOCTH Ha MOIYJIb MPUOIUIKEHHOTO 3HAUEHUS
BEJIMUNHBI, YMHOKeHHOoe Ha 100 %
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2.2. HepaBeHcTBa

OCHOBHbI€ CBOMCTBA YMCJIOBbIX HepaBeHCTB

CrolicTBa

IIpumepsr

Ecau a > b, To b < a;
ecima <b,T0b>a

Ecau 10 > 2, To 2 < 10;
ecomu —7 < -1, 10 -1 > -7

CBOIICTBO TPAHBUTUBHOCTH:
ectma >bub>c,Toa>c

Ecoiu 10 > 1 u 1 > —4, To
10 > —4

Ecau x 06enm yacTsiM BepHO-
TO HepaBeHCTBA IIPUOABUTH
OJHO U TO K€ UHCJIO, TO II0-
JYyYUM BepHOEe HepaBeHCTBO:
ecau a > b, Toa+c > b+ec

Ecau 20 > 3, To 20+1 >
>3+1,T.e.21 >4
u20-4>3-4,71.e.16 > -1

Ecau o6e wacTu BepHOTO He-
paBeHCTBA YMHOMKHUTHL Ha
ODHO U TO K€ IIOJIOKUTEJb-
HOe UMCJIO, TO MOJYYUM Bep-
HOe HEePaBEeHCTBO:

ecaua>buc >0, T0ac > be

Ecou 7> -3,1u b5 >0,
T 7-5 > -3,1-5, T. e.
35 > -15,5

Ecau o6e uactu BepHOTO He-
paBeHCTBA YMHOMKHUTHL Ha
OJHO U TO K€ OTPUIlATEJNH-
HOe UYMCJI0O U 3HAK HepaBeH-
CTBA W3MEHHUTL HaA IIPOTH-
BOIIOJIOKHBIN, TO IOJYYUM
BepHOE HepaBEeHCTBO:
ecau a > b, ¢c <0, To ac < be
umn a < b, ¢ <0, To ac > be

Ecau 10 > 2 uw -2 < 0, 1O
-2-10 < 2-(-2), 20 < -4

Ecau mouseHHO CIIOMKUTH JBa
BEPHBIX HepaBeHCTBa OOHOIO
3HaKa, TO IIOJYYUM BEPHOE
HEPaBEeHCTBO:
a>b
c>d
a+c>b+d

-7<3
10<13

3<16
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OkoHYyaHue madbaulbl

CaoiicTBa

ITpumeps1

Ecau a, b, ¢ u d — moJo-
JKUTEJNbHBIE UNCJA, IPUYEM
a>buc>d, o ac > bd,
T. €. €CJIV HOYJIEHHO IIePEeMHO-
JKATh BepHBbIe HepaBeHCTBAa
OIHOTO 3HAKa, BCE UJIEHBI KO-
TOPBIX — IIOJOKUTEIbHbBIE
TO IIOJYYUM BepHOEe
HepaBeHCTBO

yucia,

0>
X

20-

4
1
5

>4-
0

2
5
2 1
5 5
8>0,8

Ecoma>buc<d,To
a-c>b-d

Ecom 20 > 3 u 4 < 10, TO
20-4 >3-10; 16 > -6

Ecau a > b > 0, To l<l
a b

Ecau 7 > 3, To l<l
7 3

Ecau a > b > 0, To gus Jro-
00ro HATypaJbHOTO YHCJa N
BEPHO HEPaBEHCTBO a" > b"

Ecmu 5> 2, n =6, to 55 > 26

Hcnonp30BaHMe CBOICTB HEPABEHCTB AJIsA OLlEHKU CyMMEbI, Pa3HOCTH,
IPOM3BEJEHNS ¥ YaCTHOTO ABYX BBIPAKEHHI

Ilyctb 4 <a<5ul0<b<12

Cymma a+b
N 4< a < b
10< b <12

14 <a+b<17

Pasuocts a — b =a+(-b)
N 4< a < b
-12< -b<-10
-8 <a-b< -5

ITpousBenenue a-b

><4< a < 5
10< b <12
40 < a-b <60

YacTHOeE e _ a- l

b b
4< a < b

X

1 1 1
S
12 b 10
4 a 5
[
12 b 10
1 a 1
< < =
3 b 2




73

HLOOHhOHOM
-090 9011 OY D LO hALl HOSOLOU], DX (004 ‘p] X v hAIl TOSOLOU],
Y ° Y
D BRhOIINE
‘q oY p Lo reddoLHUALO]] q>xS0D (q ‘v] x 4 D regadoLHUALO]]
O
qQ BehOIrNd
‘q oY p Lo reddoLHUALO]] qsSx>D [q ‘D) x 4 D regadolHUALO]]
-——O0—
q oY p Lo MogadL( Qs xsSD [q ‘p] x 4 v 0godLO0 MOgOLUdU,
e . Y
q or v 10 reddalH]] Q>%x>0D (q ‘v) x 4 v regdolH]]
00— 00—
earoHoged nonwsdi
- enLxanodin ox
BOLORLUL, -9H oI'Md QUHORRHEOO() MOHLeHUIdooN
-090I'0OMh dMHEIER]]
qouIeg ©eH ouHaXedooey|

2.2. HepaseHcmeaa

BUHOhBHEOQO XN N a19H9gedoH BUHOMad




Pazoen 2. YpasHeHus u HepaseHcmaa

OIrOUh 909
BeWEdII BRIOIOUE, (004 foo—) x BeWBdI BRIOUOUE,
-oir — X
D OY MLOOHhOHOM99 JAHUIN hAIl yog
0>x (D ‘o) x P
L0 hAIl HOEOIOMh UILLIIdML() ~—o—— -OIrOMh YILLIIdML()
MLOOHRhOHOY)9Q J0ILII Off hAIr yog
D <X (004 ¢D) x D
D LO hAIl HOHOIrOMh UIILIIdML() - o -0IrOMh HI9LIIdML()
D OY ULOOHhOH
DS X [D foo—) x P hAIl OZOIrOU,
-03099 JAHUI LO hAIl HOSOLOU], ~—
earoHoged nonwsdi
- enLxanodir ox
BOLORLUE, -9H oI'Md QUHORBHEOO() MOHLeHUIdooN
-090I[OMh dJUHRBIER]
qouneg eH auHI¥edoOoEy

1NN 9DU INHDRHOH(O)




2.2. HepaseHcmeaa 75

JIuHelViHble HEpaBEHCTBA C OAHOI NepeMeHHOon

JIMHEeHHFIM HepPaBEeHCTBOM 5x-4>0; Tx—2>0
Ha3BbIBAETCS HEPABEHCTBO BUIA 2x+8<0; -5x+1<0

ax+b >0 (unmu ax+b < 0),

roe a u b — yncyaa, x —

mepeMeHHas

Pemenuem JuHEHOTO Hepa- x = 1 — peleHue HepaBeH-

BEHCTBa Ha3bIBaeTCdA 4YMCJIO, cTBa 536—4 > 0’ IIOCKOJIBKY
IpHU IIOACTAHOBKE KOTOPOI'O 51-4>0,1.e.1>0
HEPaBEHCTBO C IEPEeMEeHHON
obparaercsa B BEpHOE YUCJIO-
BOEe HEepaBeHCTBO.

Pemruts HEPaBEHCTBO — 3HA-
quT HaﬁTH BCe ero pemeHusa
UJIU IOKa3aTh, YTO UX HET

CBoWicTBa JINHEVHbIX HEPABEHCTB

CaoiicTBa IIpumepsr
Ecnu u3 omHOIl yacTu HepaBeH- 5(x—1)+3 >1-3(x+2)
CTBa IePeHecTH B APYIyIo cJja- 5x-5+3>1-3x-6
raeMoe C IIPOTHUBOMIOJIOMKHBIM 5x+3x>5-3+1-6
3HAKOM, TO MOJYYUTCS PABHO- 8x > -3

CUJIBHOE €My HepaBEeHCTBO

Ecau o6e yacTu HepaBeHCTBA yM- 3x >12
HOKUTH IV PA3NeIUTh HA OLHO 1 |
—x<4|-7; x <28
¥ TO 3Ke IOJIOJKUTEJbHOE UKCJIO, 7 |
TO TOJYYUTCS DPABHOCUJIBHOE

eMy HepPaBeHCTBO

135 x >4,

Ecnn o6e yacTu HepaBeHCTBA yM-
HOKMTDH WJIN Pa3feuTh Ha OTHO
¥ TO K€ OTPHIATeJbHOE UUCJIO, 3 5

—529 -—1|; x<-15

—4x < 3

3
1(-4); x> ——;
(-4) 1

U3MEHUB IIPU HTOM 3HAK Hepa-
BEHCTBA HA IIPOTUBOIOJIOMHBIN,
TO HOJIyYMM PABHOCUJIBLHOE €My
HepPaBeHCTBO
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KBapgpaTHble HepaBeHCTBa

KBanpaTHsie HepaBeHCTBA —
MIPUBOLIU-
MbBIe K BuUAy: ax’+bx+c > 0;
ax?+bx+c > 0; ax?+bx+c < 0;

9TO HepaBeHCTBa,

ax’+bx+c<0,a=0

3x2—T7x+1>0; 5x>-1<0
2x*+3x—7<0; 2x>-3x >0

OCHOBHbIE METOAbI PeLleHNs KBaapaTHbIX HEPaBEHCTB

CBeleHUA K PELIeHUI0 CUCTeM JINHEWHbIX HePABEHCTB

1. PasioKuTh KBaApaTHBIA TPEXuieH ax?+bx+c HA MHOMXKU-
Tesnn (X, ¥ X, — KOPHHU KBaJPAaTHOTO TPEXUIEHA).
2. PelllnTh COBOKYIIHOCTH COOTBETCTBYIOIIMX CHCTEM JIMHEI-

HBIX HEepaBEeHCTB

x?-3x+2 < 0;
(x-1)(x—2) < 0.
IIpousBeneHue JBYX MHOMKMU-

Tesiei HETOJIOKUTEIBHO,
3HAYUT, MHOYKUTEJIU HMEIOT
x—-1<0,
a3Hble 3HAKU:
b x—-22>0;
x<1,
x> 2.
— o o -
1 2 *

CI/ICTeMa peI.HEHI/Iﬁ He uMeerT.
F—IZQ FZL

x—2<0; |x<2.
x
—e
1 2
1<x<2

4x?2-3x-1 > 0;
4(x — 1)(x + ij > 0.
IIpousBenenue MHOMKHUTE-

JIeH IIOJIOMKUTEJIbHO, 3HAUNT,
MHOMKUTEJIN OSHOTO 3HAKA.

x

—O0—o0——

1 1

4

x—-1>0, x>1,

x+—>0; x>—l;

4

x-1<0, [x<1,

x+l<0; Tx<—l;
4 4

—o—o—{
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‘0<¢=da
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0> 924+Xq+,xD

X

7\

0>a

®x u 'x undoM oo u

OPF—,Q = @ ‘9+XqQ+,x0 eHOIrhXadL odoHLedIedM LHRHUWHUANOUY BOLOBIOMhIIE vdloHogedoH EBuHomed BIYf

rorem uuMdahuded |
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Me’ro;( HHTEepBaJIOB

f(x) =0

x2+7x+10>0

1. HaiiTu KOpHU ypaBHEHUSA
f(x) = 0:

Xy Xyy wer X,

Haiiném KopHU ypaBHEHUS
x24+Tx+10 = 0:

x, =-2,x,=-5

2. HanecTu 3T KOpHH Ha
YUCJOBYIO NPAMYIO, Pasou-
Bas €€ Ha WHTEPBAJI:

Hanecem KOpHU Ha YUCJIOBYIO
IpAMYIO, IIOJYy4YHMM TPU HH-
TepBaja:

crapieii cremeHu f(x) mo-
JIOJKUTEJIEH, TO Ha KpalHeM
IIpaBOM UHTepBajie QYHK-
OUs COXpaHdAeT 3HaAK «+»;
ocTaJibHbBIE 3HAKU paccTaBJe-
HBI B IOPAIKe YepeloBaHUA

———0— -0
X Xy X -5 2
+ - 4+
3. Ecau rosppuiueHTt mpu —05—3—»

Koappunuent npu x> pasen
1 > 0, mosToMy HA MHTEepBAJIe
x > 2 QYHKIUSA COXPAHAET
3HAK «t», ocTaJbHbIE 3HA-
KU CTABUM B IIOPSIKE Yepemro-
BaHUA

4. B oTBeT 3amucaTh UHTEP-
BaJIbI, COOTBETCTBYIOIINE
3HAKY HepaBeHCTBa

x?2 + Tx + 10 > 0, mosromy
B OTBeT [UIIEM WHTEPBAJIbI,
TJle COXpaHdAeTCd 3HAK «+».
Omeem: (—w0; —5) U (2; +o)

PaBHOCWUNbLHOCTb HEPaBeHCTB (CUCTEM HepaBEeHCTB)

IIBa HepaBeHCTBaA C OJHOHW IIepeMEHHOU ([IBe CHCTEMBLI Hepa-
BEHCTB) HA3bIBAIOTCS PABHOCHJIBHBIMU, €CJIUM MHOYKECTBO peIle-
HUU 9TUX HEPABEHCTB (CHCTEM HEDPABEHCTB) COBIAJLAIOT; B YACT-
HOCTH, HEPABEHCTBA PABHOCUJIBHEI, €CJIN 00a HEe IMEIOT PeIleHnit

OGnacTb AonycTUMbIX 3Ha4eHuit (O 3) HepaBeHCTBa

061acThI0 JOIIYCTHMBIX 3Ha-
yenunii (O03) HepaBeHCTBa
Ha3bIBaeTcA 00Ias 00JIacThb
ompenesieHuA g GYHKIUAH
f(x) u g(x), KOTOpBIE CTOAT

Ilns1 HepaBeHCTBA VX + 2 < X
0l13: x+2 > 0, To ecThb
X > —2, TOCKOJBKY 00JI1acTh

onpenenerna GyHKIUU f(x) =

=+X + 2 omupezesieHa ycJo-




2.2. HepaseHcmeaa

79

OKoHYyaHue mabauybl

B JIEBOU U ITPABOM YACTAX He-

paBeHcTBa f(x) Z g(x)

Buem x+2 > 0, a obaacTsio
ompejeseHUsA PyHKIIUT

g(x) = x ABIAETCSA MHOMKECTBO
BCEX [EeNCTBUTEJIbHBIX YVCE]

OCHOBHbIe TeopeMbl O pPaBHOCWUJIbHOCTU HEPABEHCTB

Ecau u3 opHOIl uyacTu Hepa-
BEHCTBA MEPEHEeCTH B APYIYI0
YacTh cjaraeMble ¢ IPOTUBO-
HOJIOYKHBIM 3HAKOM,
JyYUM HepPaBeHCTBO,
CUJIbHOE JAaHHOMY Ha JH00M
MHOK€eCTBe

TO IO-
paBHO-

5x+3 >2x—1T;
S5x—2x > -7-3;
3x >—10

Eciu o6e yacTu HepaBeHCTBaA
YMHOKUTh WJIH Pa3aeuTh
HA OJHO U TO K€ TIIOJIOMKU-
TeJbHOE uYucao ((hyHKIUIO,
KOTOpas oIpeaeeHa U MOJ0-
xutenabna Ha O[3 samaHHO-
TO HepaBeHCTBa), He MeHA
3HAK HepaBeHCTBA,
JyYUM HepPaBeHCTBO,
cunbHOoe pamHomy (Ha OJ3
IaHHOTO)

TO IIO-
paBHO-

Nx-2-4
(x +1)°
OJ13 HepaBeHCTBA:
{\/x—2 >0, {xzz,
x+1#0; x # -1
T. €. X > 2.
Ha 3amaHHOM MHOKECTBe
x €[2; +o0) pyurnua (x+1)2 >0,
O09TOMY JaHHOE HEePaBEHCTBO
PaBHOCUJIBHO HEPABEHCTBY

Vx—-2-420

Ecau o6e yacTu HepaBeHCTBa
YMHOKUTh WJIH Pa3qeIUTh
Ha OJHO W TO K€ OTpHUIla-
TeJIbHOE YMCJIO (MU HA OTHY
u Ty Ke QYHKIUIO, KoTopas
ompejesieHa U OTPHUIATE]b-
Ha Ha OJI3 3amaHHOTO Hepa-
BEHCTBA) U IIOMEHATHb B3HAK
HEpaBEeHCTBA HA IIPOTHUBOIIO-
JIOYKHBIN, TO IIOJYYUM Hepa-
BEHCTBO, PAaBHOCUJIBbHOE JaH-
"Homy (Ha OJl3 manHOTO)

2x -4 <12x + 3,

x+1>3x-1;

2x —12x < 3 + 4,

x—-3x>-1-1;

-10x <7 [:(-10), |x=>-0,7,

—2x > -2 [:(-2); x <1
———— 00—~
-0,7 1 *

x € [-0,7; 1)
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Cxema moucka penieHusa HepaBeHCTBa

i

\

C IIOMOIIIBI0 PABHOCHUJIBHBIX

npeoOpasoBaHUHi

Yuects O3 HauanbHO-
r'o HEPaBeHCTBA

C moMoIIb0 MeToaa
VHTEPBAJIOB

f(x)>0
1. Hatitu OI13.

2. OnpemenuTh HYJIU Ha
O13 u HatiTu 3HaK f(x)
Ha Ka)XJOM U3 IIpOMe-
JKYTKOB, HA KOTOPbIE
pas6uirocs OJ13.

3. 3anucaTb OTBET, yUU-
ThIBasi 3HAK 3aJaHHOI'O
HEePaBEeHCTBa

l HCXOJHOE HEPABEHCTEO '

HepPaBeHCTEBO,
IOJIy4YeHHOE B Pe3yib-
TaTe Ipeo0pa3oBaHUSI

HAYaJBHOTO

Coxpauars Ha O3 Bep-
HOe HEpPaBEeHCTBO IIpU
OIpAMBIX U OOpaTHBIX
mpeo6pasoBaHUAX

PauunoHanbHble HepaBeHCTBa

Hepasencrsa Buga P (x) > 0, P (x) > 0; P (x) <0, P (x) <0,

a TakK'Ke HepaBeHCTBA M >0, M >0 u M <0,
Q,,(x) Q,,(x) Q,,(x)

P,(x) ,

) v,

Q,(x)

rae P (x) u @ (x) — MHOTOUJNEHBI CTeTleHel n u m COOTBeT-

CTBEHHO HA3bIBAIOTCA PAallMOHAJIBHBIMHA

OCHOBHblE MeToAbl peweHna pauyuoHasibHbIX HEPaBEeHCTB

Metonx nHTEpPBaAIOB x(x + 2)
1. Haiitu obJyiacTh ompenele- x—-5

HuA Qyurnuu F(x) u mpome-
JKYTKHY, Ha KOTOPBIX OHA He-

<0.

PaccmoTpum pyHKIUIO

F(x) = xx+2)
npepbIBHA. x—5
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2. Haiitu Hyau pyHKIUN
F(x).

3. HaHecTu Ha YUCJIOBYIO
0OCh HalIeHHbIe ITPOMEeIKYT-
KU U HYJIH.

4. OupeesnTs UHTEPBAJIBI
3HAKOIIOCTOSHCTBA.

5. 3anucaTtb OTBET

O6sacTs onpegeneHus PyHK-
A

D(F) = (=05 5) U (5; +o0).
Hymu: x = 0; x = —2.

Omesem: (—o; —2] U [0; 5)

Meron 3aMeHBI MepPeMEHHOMH
(MeTo[ MOCTAaHOBKM)

(x?-x)>-8(x?-x)+12 < 0.
3amena:
t=x>—x; t2-8t+12 < 0.
Pewenue: 2 <t < 6.
ITonyuum cucremy:

{x2 —x <86,

2 —x> 2.
PertenriemM cucTeMbl SBJISET-
csa o0befuHEHNEe MHOYKEeCTBa
x € (=2; 1) U (2; 3).
Omeem: (—-2; 1) U (2; 3)

Moka3saTenbHble HepaBeHCTBA

IlokaszaTeabHBIMM HA3LIBAIOTCA HEPaBeHCTBA Buaa a’® > &

PelueHune nokasaTenbHbIX HepaBeHCTB

a'® 2 g | o

a) 2° <
a>1,
{f(x) > g(x); 1)
{0 <a<l, ) (gj
f(x) < g(x).

Awnanornuso pmiasa
a’® < as),

%; 2< 23 x< -3, T. K. 2> 1;

1.
Zi; [lj 2(1)2 0<1<1,
J3’ \3 3 3

mosromy X < —

1
2
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ITpodonsxcernue mabauybt

af("’gb,a>0c>

b<O,

x € D(f);
b>0,a>1,
f(x) > log, b;
b>0,0<a<]l,
f(x) <log,b

a) 2¢>5; 25 > 285, p-550,a=2>1;
x > log,5; x € (log,5; +);

x x log, 4
6) [lj > 4; (1] z(lj T b=4>0,
7 7 7

a= 1 <1
7
x<log,4; x< logr1 4; x<-log,;4;
7
x € (—o0; —log; 4];
B) e* > -3; x € R;
r) 2% < —2; HeT pelleHui

-
Ja >1,
| F(x) > 0(x) log,, b;
{O <a<l,
f(x) < d(x)log, b

2% 2 3% log, 2" = log, 3+,
x2x210g23; x—leog232 0;
x(1 -xlog,3) = 0; x(xlog,3-1)<0;

+ . o +
x(x —log; 2) < 0; 0 log,2

x €[0; log, 2]

3amMeHa 9*4+27 < 12-3*. 3amena: 3* =1t, t > 0,
mepeMeHHON Torga t2—12t+27 <0< 3 <t < 9.
B IIOKAa3aTeJIbHOM 3<3 <Py l<x<2.xe((1;2)
HepaBeHCTBe
ITokazaTenbHbIE 4*—2-.5%*-10* > 0;
HepaBeHCTBa, 22 —2.5%—2%.5* > (.
cozep:KaIue Paspesum nmousenso Ha 5% # 0.
OTHOPOIHBIE ( 2}“ ( ZT

— - =1 —2>0. 3amena:
dyHRIUN 5 5

(E} —t4,¢>0. 2-t-2> 0; [K 1 o
5 t> 2,

x x log, 2
t>0ét>2;(gj >2;(gj >(g] 5o
5 5 5
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2
x<log,2, T. k. —<1.
g 5
Omeem: (—oo; log, 2)

B

Pasznosxenue Ha
MHOKUTENN (BBI-
HeceHUe 3a CKO0O0-
Ky O00IIero MHO-
YKUATEJIS)

3¢ 43571 > 21 +3%; 3*"143%1-3* > 21;
3*1(324+1-3") > 21; 317 > 21;
3*1>3;3>1;x—-1>1; x> 2.
Omeem: x € [2; +x)

JNlorapndpmuuyeckmne HepaBeHCTBa

JIOl‘ap](l(bM]/I‘:[eCK]/IM](l Ha3bIBAIOT HEPaBEHCTBa, KOTOPbLIE COLEP-
JKaT IIepeMeHHYIO 10 3SBHAKOM JIOI‘apI/I(bMa.

PewieHne norapnpmmnyecknx HepaBeHCTB

Hcnonn3oBaHue onpeneneHus jJorapugma
IPH peNIeHuH Jorapu(pMuUecKux HePaBEeHCTB

log, f(x)>b <
{0 < flx)<a’,

O<a<l;

f(x)>a’,
la>1.

Awnanoruuso

log, f(x)<b e

f(x)>a’,
0<a<l;

{0 <f(x)<a,

a>1

a) log,(x—2) > 2. Tax xak 3 > 1,
To (x—2) > 3% x—2 2> 9; x > 11.
x € [11; +o0);

6) log,log, logl(x -1)<0.
log, log, logl(xz— 1)<log,1=
0 <log, log;(x -N<1=>
log,1< log:10gl(x -1)<log,3=
1< logl(x -1) £23 =
2
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ITpodonsxcernue mabauybt

1 n?
log1—<log1(x—1)slog1(—j =
=2 = SN2

e

L
2" 7|

IA

=

|

(==Y

A
DO | =

L\':I»—l
mllD
Do | o
N 00|

Hcnoas3oBaHue cBoicTB Jorapugma
IIpH pelieHHu JorapudMuUecKuX HEePABEHCTB

log, f(x) > log g(x) <
a>1,
f(x) > 0,
g(x) > 0,
f(x) > g(x)

{a >1
f(x) > g(x)>0
U

log, f(x) > log g(x) <
O<axl,

f(x) >0,

g(x) > 0,

f(x) < g(x)
{0 <a<l,

0 <f(x) < g(x)

a) log, [(2x—4) 2 log, (x+1).
0 < 0,25 < 1, mosromy
2 -4 <x+1,
2x-4>0,

{2x—4£x+1,
=
x+1>0;

2x —4 > 0;
x <5, LR
{x>2; x € (2; 5];

6) log,x+log,(x—1) < 1.
ITpumenum
+ logay =

paBUJIO: log x+
log xy, rme x > 0, y > 0.
[x(x-1)< 2,
log,x(x—1)<1= x>0, =
x-1>0

x2-x-2<0, [(x+1)(x-2)<0,
x>1; x>1;

—&—O0—8®—

-1 1 2
x € (1; 2]

Hcnmonbs3oBaHne mMeTo-
Ia 3aMeHbI IepeMeH-

HOU

logZx—2log,x—3 < 0.

Samena: log,x = t; t*—2t—3 < 0;
-1 <log,x < 3;

log, 37" < log, x < log,
1

—< x<27; xe{l;27}
3 3

3%, 3>1;




2.2. HepaseHcmeaa

85

OkoHYyaHue mabauybl

Pemenne HepaBeHcTB,
cofepskanux Iepe-
MEHHYIO 0] 3HAKOM
Jorapudma U B OCHO-
BaHUM Jorapudma

logj(x)f(x) >A

d(x) > 1,

{f(X) > (6(x))* >0,
0<o(x)<1,

{0 < f(x) < (0(x)*

log (x—2) < 2.
(x-2,
ol13: 1x>0,<:>x>2.
x#1
3HauuT, OCHOBaHMeE Jorapudma
posismze 1, Torga:
log, (x -2)< 2;
log, (x - 2) < log, x* =

2 2
x—-2<x°, x—x+220,@
x> 2 x> 2
x € R, .
{x>2 =>x>2. x € (2; tw)

Cucrembl n COBOKYMNHOCTU HEPABEHCTB C OAHOMN NepeMeHHON

CHcTeMBI HepaBeHCTB

HeckoabKko HEpaBEeHCTB C OfI-
HOM IepeMeHHON 00pasyoT
cuCTeMy HEDPaBEHCTB, €CJIU
CTABUTCA 3aJadya OTBICKATDH
BCe 3HAUEHUs I[IE€PEeMEeHHOI,
YIOBJIETBOPSAIOIIE OTHOBpeE-
MEHHO KajKJOMy U3 9TUX He-
pPaBEeHCTB.

YroObl pemIuTh CUCTEMY He-
PaBeHCTB, HYKHO:

1. OTHenbHO PEIIuTh Kaxka0e
HEPaBeHCTBO.

2. Haiitu mepecedyeHue Haii-
IeHHBIX peIleHuit

) -3x+5>2,
4x-5<15

-3x>2-5,

4x<15+5H

-3x > -3, x <1,

4x < 20 x < 5;

— 0 ——+

1 5
x € (—oo; 1);
) S5x+6<1,
2x+1>3

5x§—5,<:> x < -1,
2x > 2

-1 1
x € J (pelieHuii HeT)

J_IBe CHCTEMbl HEPABEHCTB HAa3bIBAIOT PABHOCHUJIBHBIMM, €CJIN
OHM UMEIOT 00Illee MHOYKECTBO DPEIIeHUM, YIOBJIETBOPAIOIINX
9THUM HepaBeHCTBaM. PaBHOCHUJILHOCTL CHUCTEM HEepaBeHCTB
(KaK m ypaBHEHUIT) 0003HAUACTCA «<>»
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COBOKy]'[HOCTL HepaBeHCTB

Heckonbko HepaBeHCTB € O- ) Bx+6<1,
HOW IIepeMeHHOII 00pasyioT 2¢+1>3
COBOKYITHOCTH, €CJI CTaBUT-
y ’ 5x < -5, x<-1,
cA 3amava OTBICKATh BCE Te
A . 2x > 2 x2>1;
3HAUEHUA MePEeMEeHHO’, KaK-
—
Ioe U3 KOTOPBIX YIOBJIETBO- 1 01
pseT 1o KpaiiHeil Mmepe OHO- x € (—o0; —1] U [1; +0);
My U3 3TUX HEPaBEHCTB. 3>9
6)x—3>2c YT o
YroOBI peNIUTh COBOKYII- X 2 x—-8<-9
HOCTh HEPABEHCTB, HYKHO:
>
1. Permuts oTAEIBHO KaiKa0e x> 5,
HEpaBeHCTBO. x <1
2. HatiTu o0benuHeHUe Hawi- I S
IeHHBIX peIleHunit 1 5
x € (—o0; 11 U [5;5 +o0)

Cuctembl HepaBeHCTB U ABOWHbIE HepaBeHCTBa

Cucrembr JIBoiiHbIE
TI'paduueckue
Hepa- HepaBeH- IIpumeps!
penreHus
BEHCTB crBa
—O0—O0—+
x> a, a<x<b x x> 3,
@ b 3<x<5h
x<b x < 5;
——0—
3 5 %
—e——— 0
x> a, a<x<b a h x -T<x<1;
x<b x <1,
x ==
—e— o0~
-7 1 X
———o—
x> a, a<x<b a b X 0<x<27;
x<b x <27,
x>0
—O0————— o
0 27 X
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x> a, a<x<b a b X -1<x<1;
x<b x <1,
x2>-1
——— ¢
-1 1 X

PeweHne cuctem HepaBeHCTB U A BOVHbIX HEPaBEHCTB

Perrenvie ABOIHOTO HepaBeHC

TBA PABHOCUJIBHO PEIIIEeHNIO

CHUCTEeMBI COOTBETCTBYIOIIIMX HEPaABEHCTB

I cnocoo: II cnocob:
2x -1 _
-1< 3 <1 _1<2x 1<1><3
2% —1 1 -3<2x-1<341
3 <5 2x —1< 3, -2<2x<4 .9
2r-1_ 2x-1>-3 l<x<2
3 x e (-1;2)
2x < 4, x < 2, 1.
{2x>—2 {x>—1;xe(1’2)
Pemrenue cucrem 1
HeJIVHEeWHBIX Hepa- 2 21,
BEHCTB U HEPABEHCTB 1 0
TPaHCIeHIeHTHBIX x+1 >0
(smorapuMUUYECKUX, 1
TOKAa3aTeJbHBIX —-120, (1-
U TPUTOHOMETPUYE- x 1
CKHX) IIPOUCXOJUT o x+1>0
METOIOM PaBHOCHUJIb-
HBIX IIPeo0pa3oBaHUIL 1-x)1+x)=0,
WJIW METOJIOM MHTEp- x#0, =3
BaJIOB lx=-1
xe[-1;1],
x¢[0 ] x e(-1;1],
2 ko
x € (-1; 0) U (0; 1]
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Ucnonb3oBaHue cBOMCTB 1 rpadunkos pyHKUUA
npu peweHnm HepaBeHCTB

Pemenue TpUroHOMeTPUYECKUX HEPABEHCTB
€ IIOMONIBI0 IPAa(PUKOB

. 1 y
sinx > — 1l
’ /\ /O
\
1
N\ e N
- " 0fn ' bnm ' ot x
6 6
.3*
&
Vi
Ny
T 5m
—+2nk<x<—+2nk, ke’
6 6
Yy
cosx>—1 1 o
2 Ry
Vi
_2n 2 O
. 3 3 T
} 0 / =
_1
2\
—2—n+2nk<x<2—n+2nk,kez
3 3
tgx > -1 Yy
&
Y
I
_m_=n N in
_ 214 0 ) 2 )
-1
—E+nka<E+nk,keZ
4 2
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ctgx<\/§ \

NS

<

oA
nNoa

N

<
&
&
2

g+nk<x<n+nk,kez

Hcnons30BaHue MOHOTOHHOCTH (hyHKI[MIT
I pellieHNsI HePaBeHCTB

1. Banucars HEPaBEHCTBO
B BHUE:

f(x)>a, f(x)<a,

>a <a

f(x) — Hexoropas (GyHKIUA,
a € R.
2. Hai#itu obGJsiacTh oIpemee-
Hua ¢yaxmuu D(f) u xapax-
Tep eé MOHOTOHHOCTU (BO3pa-
craer, yObIBaeT).
3. Ecau a nmpuHagie:xuT obJia-
cTu 3HaUeHu f(x), TO CyIecT-
BYeT YHUCJIO X, € D(f), mpu Ko-
Topom f(x,) = a.
4. WcxomHoe HepPaBEHCTBO 3a-
mUcaTh B BUIE:

F(x) > fxg); F(x) < f(xp)

> <

a) x°+xd+x < 42.
Pewenue.
O6o3HaUMM

F(x) = x5+x3+x.
DyHKIIUA OIIpeeseHa U He-
mpepbiBHA Ha R, Bospacra-
oIasi, KaKk cyMMa BO3pa-
craonux QyHKIINUI:
42 = F(2), 1. e. F(x) < F(2).
Torma mo cBoiicTBY BO3pa-
craionieil (YHKIIUU U3 II0-
cJIeIHEeT0 HepaBeHCTBa CJe-
nyer, uto x < 2.
Omeem: x € (—o; 2].

0) VT +x =7 —2x.

Peutenue.

IIyers f(x) > V7 + x + 2x,
Torza f(x) > 7.
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5. Pelmenue mcXOQHOTO Hepa-
BEHCTBA CBOAUTCA K DEIIEHUIO
PaBHOCUJIBHON €My CHCTE€MbI
JUHEeHNHBIX HEPABEHCTB:

{x > X,

b<x<d, ecau f(x) — BO3-

pacramouniasd,

<
{;C< j:o<’ d, ecan f(x) — yOBI-
BamwIasd.
(b; d) — obnacTb ompeneseHUA

f(x)

dyHKIUA oIpegeseHa Ha
[-7; +o), MOHOTOHHO BO3-
pacraer.

f(2) = 7. Torma f(x) > f(2).

ITonyuum cucremy:

x>-1, x> -T,
flx) > f(2x) x>2
x > 2.

Omeem: [2; +o0)

O0600UEHHBII METOJ MHTEPBAJIOB

IOna pemenusa HepaBeHCTB Buzpa ¢(x) > 0, o(x) 2 0, o(x) < 0
k

u o(x) <0, re 0(x) = (x —a)"(x - a,)” .. {(x —a)*, a, a,

«., @, — NeCTBUTeIbHBIE, HePABHBIE IPYT APYTY UHCa; B, ...,

k, — Tesible TIOJIOKUTENbHBIE YHC/IA UCTIONb3YIOT 0000IEHHBIH

MeTOJ] UHTEPBAJIOB

1. HaHecTu Ha YMCJIOBYIO OCh
UUCHA A5 Ay ey Q.
2. B mpomMe:xkyTKe cIipaBa OT Hau-

0OJIBIIIETO0 U3 HUX IIOCTAaBUTH

IIpumep 1
a) x2(x+3)3(x—5)* < 0.

+
—73 0 5

x € (—o0; —3);
0) x%(x+3)3(x—5)* < 0.

3HaK «+», a 3aTeM, ABUTASCH
cIipaBa HaJIEBO IIPU Tepexoje

yepes OdepefHOE UHCIO 4,
(i=1,n): M
e NOMEHATh 3HAK, ecau k, — —=3 0 5

HEYETHOE YNCJIO;
* COXpaHMTh 3HAK, €cIu k, —
4ETHOE YHCIIO

x € (—oo; —3] U {0} U {5};
B) x2(x+3)(x—5)" > 0.

x € (=3; 0) U (0; 5) U
U (5; to);

r) x%(x+3)%(x—5)* > 0.
x € [-3; +o).

ITpuBen€HHBIE pPACCYKIEHUS
CIIPABEIJIUBEI [JIsI HEPABEHCTB
BHUJA
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g(x) <0,
rae g(x) =

8(x) > 0, g(x) 2 0, g(x) <0,

_ (x- a)" (x —ay)"”,..(x —a,)"

IIpumep 2

a) g(x) =
@D+ 2’ -2) 0

(@ = b)™ (x = by)"™, e = b,)"

(x -2 (x+7)5

T2 NF
AR 2
x € {=2} U[1; 2) (2; + «);
6) g(x) < 0.
x € (-oo5 =T) U (=75 1]

MeTox HHTEPBAJIOB JJIsI PENIeHH s
YPaBHEHUH U HEPABEHCTB C MOKYJIEM

1. Haiitu myau moamo-
IYJbHBIX BBIDAYKEHUIM.
2. Pasoburs 06acTh
IOMYCTUMBIX 3HAUE-
HUI TepeMeHHbIX 9THU-
MU HYJSMU Ha IIPOMe-
JKYTKU, Ha KaXKJOM U3
KOTOPBIX BBIPAYKEHUS,
CTOAIIME IO 3HAKOM
MOAYJsI, COXPAHAIOT
3HAK.

3. Ha xaxxgom u3 Haii-
IEeHHBIX TPOMEKYTKOB
PeILIuTh ypaBHEHUE
(HepaBeHCTBO) 0e3 3Ha-
Ka MOMyJIs.
COBOKYITHOCTD (00B-
eIVHEHNE) PelIeHni
Ha YKa3aHHOM IIpOMe-
JKYTKe ABJSEeTCS pe-
IIIeHeM paccMaTpu-
BAeMOTr0 ypaBHEHUS
(HepaBeHCTBA)

IIpumep 1. [x+5/—|x—3| = 8.
Peuwenue.
1. Hyau moaMomyJbHBIX BBIpaskKe-
HUi: x = -5 ux =3.
2. 3HaKU MOAMOAYJIbHBLIX BBIPaXKe-
HUN:
——  +— 4+
-5 3

3. YpaBHeHUe Ha KayKJOM IIpOMe-
JKYTKeE:

a) x < =5; —(x+5)—(—(x—3)) = 8;
—8 = 8; pelrenuii Her;

6) 5<x<3; xt+t5-(—x+3) = 8;
X = 3 — He BXOJUT B pacCMaTpUBa-
eMbII IPOMEKYTOK;

B) x > 3; x+5—(x—3) =8; 8 = 8.
ITonyuum BepHOe paBeHCTBO. Pe-
meHueM OyaeT J0oe YHCI0 U3
9TOTO IMIPOMENKYTKA.

Omeem: x € [3; +xo)
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Ipumep 2. |2x—1|-|x—2| > 4.

Pewenue. 1
1. Hysu mogMOAyAbHBIX BBIPDAMKEHUI: X = 3 ux=2.
2. 3HaKU MOAMOIYJIbHBIX BhIPAKEHUI:
- T+
1 2
2
1
3.a) x<—; 2x+1+x-2>4; x<-5 —e—O0—
2 -5 1
2

Ha sToM HpoMeXyTKe pellleHreM SBJIAETCS X U3 IIPOMEXKYT-
Ka x < —5.

. — O —O0—&—

0) le<2; 2x—1+x—-2>4; x>
2 1 2
2

w | =

7
. 3
Ha sTom npomeskyTke perieHUH HeT.
B)x>2; 2x—1)-(x—-2)>24; x>3. —o—o——~

2 3
Pemrenuem GynyT Bce 3HaUEHUA U3 IIPOMEKYTKA X > 3.

[x < -5,
4. O0beguHAEM TOJYUYEeHHbBIE PEIlleHnsd: | x>3

x € (—oo; —=5] U [3; +0)

N300pakeHne Ha KOOPANHATHOM NJIOCKOCTN MHOXECTB
pelueHuii HepaBeHCTB C ABYMS NepeMeHHbIMU U UX CUCTEM

Pemenue HEPABCHCTB ¢ IBYMSA IIepPEeMEeHHbIMU

T'papuk HepaBeHcTBa y > f(X) COCTOUT M3 BCEX TOYEK KOODMIU-
HATHOM IIJIOCKOCTH, KOTODPbIe HAXOMAATCS BhINIE TOYEK rpaduxa

y = f(x).

y > f(x) y 2f(x)
Pemenuem HepaBeHCTBa y > f(x) ABAAIOTCA BCe TOUYKH KOODIU-
HATHO! IJIOCKOCTY, KOTODPhbIe HAXOAATCA BBINIEe TOUEK rpadukra
y = f(x), BRarouasa Touxku rpadura y = f(x)
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OkoHYyaHue mabauybl

Y y y
2, 3
0‘ 8 0 * 0 x
2x+3y > 6 y=3 x*+y*>4 y > x?

TI'padux HepaBeHcTBa Yy < f(X) COCTOUT M3 BCEX TOUEK KOODPAU-
HATHOM IIJIOCKOCTU, KOTOPHIE HAXONATCS HUIKE TOUEK rpaduxa

y = f(x).

%@V Y=/)|?
~l X
I
y < f®) y < f()

Pemenuem HepaBeHCTBa Yy < f(X) ABIAIOTCS BCe TOUKU KOODAU-
HATHOH IIJIOCKOCTU, KOTOPHIE HAXOAATCA HUKEe TOUeK rpaduxa
y = f(x), Bkarouasa Touxku rpadura y = f(x)

2x+3y < 6 y<4

y<—x2+3

PelueHue cucTemM HepaBEHCTB C ABYMS NepeMeHHbIMU

> >0
Flx; y) 0, Flsy)_ g
JlJ1a pemieHns CUCTEM HEPABEHCTB . wuim

QumI0 @y,

HaXoouM:

1) mEOM)ecTBO X, TOUEK IJIOCKOCTH, Ha KOTOPOM BBINOJHAETCS
IepBOe HEPaBeHCTBO;

2) mHOKecTBO X, TOUEK IJIOCKOCTM, Ha KOTOPOM BBINOJHAETCS
BTOPOE HEPaBEHCTBO;

3) pellleHMe CHCTeMbI — IlepecedeHne MHOKecTB X, u X,.
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Pasden 2. YpasHeHus u HepaseHcmea

OKoHYaHue madbaulybl

M3o6pasuTh HaA IJIOCKO-
CTU MHOKECTBO DEIIeHUH

CHCTEMBI:
x*-420,

a) 17,
y -4y +3<0;
2

6) x2—430,
y —-4y+3<0

X;:y-4y+3<0 o
l1<y<3.

Pewenue.
o g2 x 22,
a) X;:x 420<:>Lc<_2;
Yy
x <2 1 x> 2
0o 2 i
-2|-1 | 1 3 X

Ilepeceuenre MHOXKECTB
X, nX,;:

6) X:x,-4<0 -2<x<2;
X, y*~4y+3<01<y<3

Y

Tx? - 4x+38<0

Ilepeceuenre MHOKECTB
X, nX,;:




DYHKLUUU

3.1. Onpepenenve PyHKUUU, eé rpadpuk

YucaoBas ¢GyHKIHSI ¢ 00-
JacTei0 ompeneneHus D —
9TO B3aBUCUMOCTH, IPHU KO-
TOPOH KaKAOMY YUCIY X U3
MHOXXecTBa D COOTBETCTBY-
€T EeOIUWHCTBEHHOE YHNCJIO Y:

y = f(x)

D — ob6sacTh ompeae/eHuns;
E — obsacTh 3HAUEHUIT

Ipadux pynxuuu y = f(x) —
9TO MHOKECTBO TOUEK KOOD-
OUHATHON TJOCKOCTH C KO-
opauHatamMu (x; y), THe X
mpoberaer BCIO 00JIaCTh OII-
penenenusa GQyuHrumum f(x),
a I — COOTBETCTBYIOIIeE 3HA-
yenue (pyaxuuu. HesaBucu-
Mad IlepeMeHHasg X — apry-
MEHT, B3aBUCUMas IIepeMeH-
HadA Yy — QyHKIOUA

Oo6macTpb onpeneseHusa GpyHkK-
muu D(f) — MHOKecTBO 3HAa-
YEHUM, KOTOPHIE MOYKET IIPHU-
HUMAaATh X

D(f) = [-3; 5]

O6aacTp 3HaYeHU GHyHKIUN
E(f) — MHOXeCTBO 3HAUEHUN
f(x), KoOTOpBIE OHA MOKET
npuHUMAaTEL Ipu X € D(f)

y

2

-3 O\ /5%
2T f(x)

E(f) =[-2; 4]
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Pazden 3. QyHKYuu

Cnoco6bl 3apaHusa GpyHKLUN

Ananutuueckuii, . e. ¢op-
myJoii: y = f(x)

x-1
x
y = cosx—sinx

y=x%y= sy =eh

I'pacmuecknii, 1. e. rpadux
y = f(x) B cucreme KoOpau-
Hat x0y

TabauuHbIii, T. €. COOTBET-
crBue mexkny D(f) u E(f) sa-
IaéTcs ¢ IIOMOIILIO TaOIUITBI:

x |x, |x, | |x. |x,

Yy y] yZ b ynfl yn

x [-3]-2]-1|0
914(1]0
112|13]|4
114]19](16

OGnacTtb onpegeneHnsa GyHKUMKU, 3agaHHoi dopmynoi

MOJKHO BBIIIOJTHUTB)

Oo6aacreio onpenenenusa ¢yaxuuu D(f), 3amannoit popmyioit
Yy = f(x), Ha3BIBAIOT MHOKECTBO 3HAUEHUN X, IPU KOTOPHIX
dopmysia uMeeT cMBICJ (Bce neHCcTBUs, 3afaHHbIe (HhOPMYJIO,

DyHKIUA D(f) IIpumep Haxosxaeaus D(f)
Muorousen R y=x2-Tx>+5x—1;
y=ax"+ x € R
+a,_x"+..+a,

_ f(x) . one g(x)=0 ye 22 ;

g(x) x(x - 3)

f(x) m g(x) — x(x—8)#0; x #0; x # 3.
MHOTOYJIEHbI D(f) = (—0; 0) U

U (05 3) U (3; +x)
y=%f(x),neN f(x) = 0 y=v4-x% 4-x2>0;

x2—4 < 0; -2 < x < 2;
D(f) = [-2; 2]
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IIpodonscenue mabiuybl

DyHKIUA D(f) IIpumep Haxosxxeaus D(f)
y=—— f =0 y=r—s [x-8 = 0;
f(x) x| -3
x # 3,
[xl = 3; [x # —3.
D(f) = (=005 =3) v
U (=35 3) U (3; +xo)
y = log, f(x), f(x) >0 y = log,(2x - 3);
a>0,a=1 2x—-3>0; x> 1,5
D(f) = (1,55 +)
y = log,,, 8(x) f(x) > 0, y = log (3—x);
flx) #1, 3-x>0, [x<3,
g(x)>0 x>0, x>0,
x #1; x#1;
—0—0——o0—
01 3

D(f) = (0; 1) v (1; 3)

y = tgf(x) f(X)¢E+T|;n, y:tg2_x;
2 3
ne’Z x n
— #_tnn,
3 2
= 3_n+ 311_n; neZ
4 2
y = ctgf(x) f(x) # nn, y = ctghbx; 5x # nn,
nez nn
x#—,ne’l
5
y = arcsinf(x) 1< f(x) B 3-x
y = arccosf(x) “1<fx)<1 Yy = arcsin 5

3—x<1.

= b

-1<

-2<3-x<2;
SH5<—x<-1;1<x<5
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OKoHYaHue madbaulybl

DyHKIUST D(f) IIpumep Haxoxaenus D(f)
y=x, aeZ x e R y=x°,x e R
Yy =x% o — 1e- x#0 y=x3x#0

JIo€ OTPHUIATEE-
Hoe uncyao uau 0

y =x% a >0, x>0 3

o — He IeJoe y=x* x20
YHMCIIO

y=x% a <0, x>0 _1

o — He mejoe y=x2, x>0
oTpuIlaTeabHOE

YUCIIO0

O6GnacTb 3HaYyeHus pyHKUUU, 3apaHHON dopmynoi

O6aacrpio 3HaueHuii pyHkuuu E(f) HaspIBaeTCA MHOYKECTBO
TeX B3HAUYEHWI, KOTOPbIe MOMKET MPUHUMATL camMa (QOYHKIIUA
IpU BCeX 3HAUEHUSAX apryMeHTa U3 00JIACTHU OIpeIesIeHUsT

Yrobsr HaiiTu E(f), Heo6X0quMO HAWTKU BCe 3HAUEHUSA @, IJIS
KOTODPHIX f(X) = @ UMeeT eJUHCTBEHHOE DeIlleHre

E(f) mHorousieHa YETHOW CTemeHU
ABJIAETCS:

a) IPOMEXYTOK [m; +w), rme m —
HauMeHblllee 3HaueHNe MHOTOYJIeHa;

y=x*-4
E(f) =[-4; +)

6) mpoMeXyToK (—oo; n], rme n —
HauboJIbIlIee 3HAUEHUe JHTON (PYyHK-
nun

y=—x2+7
E(f) = (-5 7]
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Mpumepsbl rpadpn4eckux 3aBUCUMOCTEN,

OTpaXkaloLUX peasibHblie NPoLecchbl

U=3R

=N W~

0 1 U
a

CONPOTUBJIEHUIO yUacTKa 1enu R (a)

3akon Oma: cuya TokKa I B Ilenu IPsSMO IPOIIOPIIMOHATIbHA Ha-
npsoKeHno U 1 00paTHO MPOIOPIMOHANBHA 3JIEKTPUUECKOMY

U
O0paTHaa 3aBUCUMOCTB, T. e. [ = 7 runepbosna (6)

U
0

14

10

6 18 6 18

6 18

24 12 24

4 ceHr.

12

3 ceHr.

4 u 5 ceursabps.

VzMmeneHnue TemMmepaTyphbl BO3AyxXa Ha IPOTAKEHUU CYTOK 3,

ITo ocu abciycc — BpeMs CYTOK B dacax, t (u).
ITo ocu opamHAT — 3HaUYeHHWe TeMIepaTypsl B rpagycax, T (°C)

T >

12 24 t,u

5 ceHr.
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OKxoHuaHUe mabauuybl
V,n V,n
50 50
30/////////// 30

10 t, mua 10 t, MUH

1 3 5 7 910 1 3 5 7 910
Vi(t) = 15+2,5¢ V(t) = 50— 5¢
a 1]

I'paduk, Ha KOTOpOM M300paskKEH IIPOIleCcC HAIOJHEHUA Oakxa
Bogoii (a). 'padhuk, Ha KOTOPOM M300PaKEH IIPOILECC BBITEKAa-
HUS BoAbl u3 6axa (0).
ITo ocu abGcmucc — BpeMs ¢ B MUHYTax, II0 OCU OPAMHAT —
00BEM OaKa B JIUTpPaAX

OGpaTtHasa dpyHKuus.
paduk obpaTHO PYHKLUMMN

y=x+8umy=x—8
y=e*ny=Inx

O6parHas ¢yHKIuUa — 310
HeKoTopasa GyHKIua y = g(x),
KOTOpas IOJIy4aeTcs U3 JaH-
HOM QyHKuuU y = f(x), ecau
B OTHOIIeHUHU X = f(y) BBIpa-
3UTH J Uepes X

Yrobpl HaWTU (DYHKIHUIO, Hna pysxnum y = 11 -5x

obpaTHy0 s f(x), HY»KHO:
1) B cooTHomeHuu y = f(x)
3aMeHUTh X Ha Y, a Yy Ha X,
x = f(y);

2) B BeIpaskeHuu X = f(y) BBI-
pasuTh y uepes X.

dyurnun f(x) u g(x) BzauMm-
HO 00paTHBI

HaWIEM 00OpaTHYIO:
x=11-5y; by =11—x;
_11-«x
5
Dyarnuu y = 11-5xuy =
_11-«x

B3aMMHO OOpaTHEBIE
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OkoHYyaHue mabaulybt

Y cioBue 00paTHMOCTH (PYyHK-
uun  —
(yOBbIBaeT MM BO3PACTAET)

eé MOHOTOHHOCTDH

y = x?, Bo3pacTaer Ha IpoMe-
KyTKe [0; +o0).

O6paTrHas AJs Heé: Y = x/;,
x € [0; +o0) mnu y = —\/;,
xe (—oo; 0]

T'padury B3auMHO 0GPATHBIX
(DyHKOUN CUMMETPUYHBI OT-
HOCHUTEJIBHO IIPAMOHR y = x2

CuMmeTpusa OTHOCHU-
TeJILHO ocu abcruce

CuMmeTpusa OTHOCHU-
TEJILHO OCU OPAMHAT

Ilepenoc rpadura
y = f(a) mo ocu abemuce
Ha —a eIUHUIL
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ITpodonsxcernue mabauybt

ITepenoc rpadpuxa
y = f(a) mo ocu opnu-
HaT Ha b eqUHUIL

f(kx), >0
IR 3
TN N\ 2
_gé_TE —TC 0 g \/ X
-1 y=sinx
3n _n 1——y
2,1 2 L
y:sin%x 1 2
1Y  y=sin2x

a)ynmpu 0 <k <1 —
pacTayKeHUe OT TOUYKU
(0; 0) Boosb ocu abce-

1
IIuCcC B % pas;

0) mpu £ > 1 — cikatue
K Touke (0; 0) BIOJIB
ocu abciuce B k pas

-1 y=Ccosx
_n 1——y
~ _TC= 2/\ ln _
~3n —— 0]1 TN/'STE x
2 172 2 2
y=gcosx
9 1Y
_I +
—TlZI 2 ITC /
_3_7'5 I 0 s ' 3 X
2 T 2 9
+-2

a) npu 0 < £ < 1 cxxa-
Te K Touke (0; 0)
BIOJIb OCU OPJUHAT;

0) nmpu k£ > 1 pacrsaxe-
uue ot Touku (0; 0)
BOJIb OCH OPIUHAT
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OkoHYyaHue mabaulybt

YacTs rpauxa B Bepx-
Hell IMOJIYILIOCKOCTH

U Ha ocu abciuee —
0e3 M3MeHeHus; YacTh
rpadmKa B HUMKHEH 10-
JIYILJIOCKOCTH — CHM-
MeTpHus OTHOCUTEIHHO
ocu Ox

YacTs rpaduka B mpa-
BO¥ IIOJIYILJIOCKOCTH

U Ha OCU OpJUHAT —
6e3 N3MEeHEeHUsI; BMECTO
YacTu B JIEBOI IIOJIY-
ILIOCKOCTY CTPOVIM CHM-
MEeTPHYHYIO IIPAaBOM OT-
HocuTeabpHo ocu Oy

3.2. OnemeHTapHoe uccnenoBaHne GyHKUnn

MOHOTOHHOCTb PYHKLUU

Yy
f(x,) K
) L x
0L x; x,

-1

ecsIu JJIs MIO0BIX X, U X, U3 X:
x, > x, < f(x,) > f(x)

dyukuua y = f(x) HaspIBaeTcA BO3pac-
Taloleil Ha YUCJIOBOM IIPOMEXYTKE X,

IS TIOOBIX X, U X, U3 X:
x, > x, < f(x,) < f(x)

dysarnua y = f(x) HasbIBaeTcsa yObIBaIO-
mieil Ha YMCJIOBOM IIPOMEKYTKE X, €CJIU

o‘ / O‘ -
<
<
I}
al\')
+
-
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HOM Ha 3TOM IIPOMEKYTKE

Ecau (GyHKIUA TOJIBKO BO3pacTaeT WM TOJbKO yObBIBAeT Ha
JaHHOM YKCJIOBOM IIPOMEKYTKE, TO OHA Ha3bIBAETCA MOHOTOH-

YETHOCTb U HEYETHOCTb PYHKUUMN

dyurnusa f(x) HasbIBaeT-
Cs 4ETHOM, eCJu IJis JII000-
0 3HAUEHUA X U3 e€ obyacTu
omnpeneseHusa (PYHKIIUU 3HA-
YyeHMEe —X TOMKe IIPUHAJIJe-
JKAT 00JaCTH OIpeesieHus
u BeIOJIHAETCA f(—x) = f(x)

y

T'padur cuMMeTpuyeH OTHO-
cureabHo ocu Oy

3 T y=Cosx

2 2 5 noyx

T N-T s 3n
\/ 9 9

dyurnusa f(x) HasbiBaeTcs
HEeUYeéTHOM, eciau IJsa JI00-
o 3HAUEHUA X U3 e€é obJylacTu
ompeneeHuss B3HAUEHUA —X
TOKEe MPUHAIJIEIKUT 00JIacTU
OIlpeie/IeHNsA W BBIMOJIHSET-

ca f(-x) = —f(x)

I'padux cumMmMeTpuueH OTHO-
CUTeJbHO Havaa KOOPAUHAT

. 1_____y =sinx
N\ 2 N\
— i 0 ;
b ,:_1__ % \f

y y
0 % 0 *
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Hynu pyHkuuK.
MpomeXyTkn 3HaKONOCTOSIHCTBA

Hyau pyHKIMH — 9TO 3HAUEHUS apry-
MeHTa, IPYU KOTOPHIX 3HAaueHue (YyHK-
nuy paBHO HyJo: f(x) =0

IIpomesxyTrn
Ba — IIPOMEKYTKHU, Ha KOTOPBIX BCE
3HAUeHUA (QYHKOUU  IIOJIOXKUTEJb-
HbI (OoTpuUIaTeNbHBI). UTOOBI MX HaM-
TH, JOCTATOYHO DPEIIUThL HepaBeHCTBO
f(x) > 0 wam f(x) <0

3HAKOIIOCTOAHCT-

y=1(x)
+ NXo ﬁ-\ X

T/xp O N xS

2

0

9KcTpeMyMbl (MUHUMYMbI U MAKCUMYMbI) PYHKLUMN

Touka x, — TOYKA MaKCUMyMa, €CJIU
IOJIA 3TOU TOYKU CYIIEeCTBYeT OKpPeCT-
HOCTB, IJIsI BCEX TOUYEK KOTOPOI (Kpo-
Me TOUYKM X,) BHIIIOJHAETCA HEPABEHCT-
Bo: f(x,) = f(x), rae

X, — TOYKA MaKCHMyMa;

f(x,) — Makcumy™m QyHKIUK
Yy f(xo)

y=1(x)

y=sin(x)

I

. X
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OKxoHyaHue mabauysl

Touka x, — TOYKAa MUHHUMYMA, €CIU
y OTOM TOYKHU CYIIECTBYeT OKpPeCT-
HOCTh, IJA BCEX TOUYEK KOTOPOI (Kpo-
Me TOYKHW X)) BBINOJHAETCA HEDABEH-
cTBo f(x,) < f(x).

X, — TOUKa MUHUMYMa;

f(x,) — MuEHEUMYM QYHKITUT

0|
f(x,)

Touku sKcTpeMyMa — OOIIUH TePMUH, O0bEIUHSIONINN TOUKKA
MUHAMYMa ¥ MakCUMyMa

Ecnn Qyuxuus y = f(x) Bospacraer (yObIBaeT) Ha HEKOTOPOM
mpoMexxyTKe (x,—0; x,) u yObiBaeT (Bo3pacTaeT) Ha HEKOTOPOM
mpoMexyTKe [x; x,+3), To TouKa x, ABNAETCA TOUKON MaKCH-
myMa (MuHEMyMa) GyHEIUH f(X)

Y y

A ——

3]
o

X

(=]
®
°)
(o2
%
(=)
+
[oZ]

Haxosxenue sxcrpeMmyMoB GYHKIUY (MAKCUMyMa M MUHUMY-
Ma) qia GyHKRIuu y = f(x):

1. ecnm x , — TOUKA MUHUMYMa QYHKIIUU, TO MUHUMYM 2TOH
bysrmun £ = f(x,, ).

2. ecnu x, =~ — TOYKA MaKcuMyMma (DYHKITUH, TO MaKCHMyM
aTo#t dymkmum f = f(x )
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HaubGonbliee n HanmeHbLLEe
3Ha4YeHus GyHKuUnN

Ry

y

S e----
®

R EE——
<
=
N

Dyuruusa y = f(x), onpeneséHHas HA He-
KOTOPOM IIPOMEXKYTKE, IOCTUTAeT CBOErO
HanOOIbIIEero 3HAYEHUA, €CJIU CYILeCTBY-
eT Takas TOYKAa /M U3 3TOT0 IMIPOMEKYTKA,
YTO AJIA BCEX X ITOr0 IIPOMEIKYTKAa BBI-
IIOJIHAETCA HepPaBEeHCTBO:

f(x) < f(m)

y = f(x) 3

E m/ ______________
aVb

y Y
|

X

(S} JEE

|m

=)
o
w

dyurnua y = f(x), oupenenénHas Ha He-
KOTOPOM IIPOMEIKYTKE, MOCTUTAaeT CBOEro
HAMMEHbBIIIero 3HAYEeHM A, eCJIU CYIIeCTBY-
eT Takasi TOYKa /M M3 HTOT0 IPOMEXKYTKA,
YTO JJIS BCEX X ITPOMEIKYTKA BBIMOJIHSIET-
csA HEepaBeHCTBO:

f(x) = f(m)
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Yro6b! HaliTH HauboJblllee (HauMeHbIllee) 3HaUeHue (QYHKITUN
Ha oTpeske [a; b] dyarUU f(X), HYKHO:

1) BBIUMCIUTH 3HAUeHWEe QYHKIUYM B KaXKJON TOUYKE MUHUMY-
Ma (MakKcuMyMa) Ha 5TOM OTPE3Ke;

2) BRIYMCIUTH 3HAUEHUE (PYHKIUM Ha KOHIIAX OTPE3Ka;

3) 13 MOJIyUeHHBIX YKCeJ BbIOpPaTh HauboJibilee (HauMeHbIIIee)

OrpaHun4YeHHOCTb PYHKLUN

Dyurnusa y = f(x) HasbIBaeTCcsl OrpaHUYEHHOI Ha Bceil o6uia-
ctu ompenenerus D(f), ecau cymiecTByer Takoe umcyo C, 4To
|f(x)| < C ana xaxmoit Tourku x € D(f).

DyHKIUA, OTpaHNYeHHAsA Ha MHOMKecTBe X € D(f), MoxkeT OBbITH
HeOTPaHMUYEHHON Ha BCel 00JIacTH OIpeesleHUs

Mepuoan4HOCTb PYHKUUN

dyurnua y = f(x) HasbIBaeTCA MePUOTUIECKOI, eCIIU CYIIecT-
ByeT Taxkoe uucyo T # 0, uro mpu J1060M X 13 00JIaCTU OIpee-
neanda Qyurmuu yucaa (x—T) u (x+T) TakiKe MIPUHALIEIKUAT
9TOU 00JIACTH U BBIMOJIHAETCS PABEHCTBO

fx+T) = f(x—T) = f(x),
rae T — mepuon QYHKIIUNA

y

X
-T 0| T 2T 3T

Ecau dyurmusa y = f(x) uMeeT HaUMEHbBIITHUH TOJOMKUTEIbHBIH
nepuon T, To pyuknusa y = f(kx+b) umeer mepuon

T
T, = —
Ukl
YreHue rpadukos pyHKLUNA
Yrenue rpadura (PyHKIUM — 3TO ONMCAHUE CBOMCTB (PYyHK-

U 00 eé rpauKy
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dyuxmuu E(f) — oupeness-
eTcA 10 OCHU Y

Ilnan onucanusa GyHKIUN Ilpumep
1. Ob6nacTh ompeneeHUA Y
dyurmun D(x) (MHOMKECTBO
IONYCTUMBIX 3HAUEHUH _f 4
ImepeMeHHOH Xx) y =1tx) 3
ompenesgeTcss Ha OCU X
-4 -2 Y 4
12 3\ x
-2
-3
D(f) = [-4; 4]

2. MHOX€eCTBO 3HAUEHU E(f) =[-2; 4]

3. HETHOCTh MJIM HEUYETHOCTH
(QYHKIIIU

DyHKIUA He ABIAETCA HU
YEéTHOM, HU HEUETHON

4. Haubosabillee, HAUMEHb-
mree 3HaueHue (PYHKIIUNI

Haubonbiiee 3Hauenue
dbyurnun y = 4 npu x = 2.
HauwmeHnblliee 3HaUeHUE
byEROIVUYM Yy = —2,5 npn
x=-2,5

5. Hynu pyurnuu (f(x) = 0)

Hynu: x, = -0,5; x, = 3,5

6. IIpoMeKyTKU 3HAKOIIOCTO-
auctia (f(x) > 0 u f(x) < 0)

f(x) > 0 mpu x € (-0,5; 3,5);
f(x) < 0 mpu
x € [-4; —0,5) U (3,5; 4]

7. IIpoMe:KyTKU BO3pacra-
HUA U yObIBAHUA QYHKIIUN

f(x) Bospacraer npu

x € (—2,5; 2);
yOBIBaeT mpu

x € (—4; —2,5) u (2; 4]
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OkoHYyaHue madbaulbl

Ilnan onucanusa GyHKIUN IIpumep
8. 9KcTpeMyMbl (MUHUMYM Makcumym:
U MaKCUMYM) f(x),,., =4 mpu x = 2;
MUHUMYM:
f(%),;, = =2, mpm x = —2;

3.3. OCHOBHble 35ieMeHTapHble PYHKUUN

Jlnnennaa pyHKUUA, eé cBomcTBa U rpadpuk

dyurnudg Buga y = kx+b, rge k u b — ducia, a x — mepemMeH-
Has, HA3bIBAETCS JIUHEHHOI.
I'padpurom 110607 TUHEHHON QYHKIIUU ABJIAETCA IpAMAasd

FeomeTpuyeckunin cmbicn koapdpuumeHtos kn b

Kosdbduimmuenr k (yriaosoit xoaddumu- npu k>0 .
€HT) OTBeYaeT 3a HAKJIOH rpaduka QyHK- y w %
IUNn: 0 \b// <
a)k>0< 0°<a<90° X

DyHKIIMA BO3PACTAET;
0) k<0< 90° < a< 180°
DyuKIIUA yObIBaET

Kosdpunment b orTBeuaeT 3a COBUT
rpadukra Baoab ocu Oy:

a) b >0, y = kx+b mosnyuaerca myTéM
caBura rpaduka y = kx BBepx Ha b equ-
HU1 Brouas ocu Oy;

6) b <0, y = kx+b momyuaerca myTéM
caBura rpaduKa y = kx Ha |b| eqummI
BHU3 BHoJyb ocu Oy
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ITonyuaem ueTbIpe CUTyaIUn

1.>0,b>0; 0°<a<90°

2.E<0,b>0;90°< a <180°

y
y=kx+b

0} x

3.E>0,b<0; 0°<a <90°

y

/b

4.k <0,b<0;90°< a < 180°

Y
y=kx+b5b

y=kx
y=kx+b;b=0;k+0
I'papux npamoit mpomopIiiyo-
HaJbHOCTH. IIpsmMas mpoxo-
OUT Yepe3 Havyayio KOOPAUHAT

a)y==>5
y=kx+b;b+0; k=0.
ITIpamas, napannenbHasd ocu
Ox;

0) y = kx+b; b =0; kE=0;
y=0.

Ilpamas coBmamaeT C OCBIO
Ox
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CBoiicTBa rpaduka TMHEeMHOW PYHKLMN

CroiicTBa E>0 k<0
1. O6sacTh ompemeeHNA y=3x2 y=-2x+3
(PYHKIIUM COCTOUT M3 BCEX
x e R

quceJ

2. Obnacte 3uaueHuii (k # 0)
COCTOUT M3 BCEX YuCeJl.

e R
Eciu k=0, T0y=5b6 — y
eINHCTBEHHOE 3HAUYEHIEe
L E>0 — ;
3.k>0 Bospactaet; BO3pacTaer yObIBaeT
k < 0 — yObIBaer

4. Ecitu b =0, To y = kx —

. 9KCTPEMYMOB HET
GYHKIIUA HedeTHAA

5. Ilepecekaer ocs Oy B TOU- TOYKY IIePeCeueHnsd
ke (0; b); ocb Ox — B TOUKe Cc ocAMU
(_2;0], s (0; 2); (0; 3);
k (2 J (1,5; 0)
-3 0
3
B3anmHoe pacnonoxeHune rpadpukoB JIMHEeNHbIX QYHKUNNA
YcioBue mapaIeIbHOCTH Yy
ABYX WPAMBIX Yy = k,x+b, y="Fkx+ b\
2 2
ny=~Fkx+b, bey =kx+b
rpauKu  BTUX QQYHKIIUHA _
0 x
TmapaJliesbHbI, eCIn
i SR
17 2
YciaoBue mepHeHIUKYIAP- Yhy=kx+b
HOCTH NPAMBIX Y = k x+b, ! !
ny=~kx+b, 0
rpaduKku  9TUX (HYHKIUHN x
NEePIEeHINKYIAPHEI, €CJIN
PHOMAIIRDHE, y=Fkyx+b,
ko ky=-1ky=——
ky




3.3. OcHOBHble 3/1eMmeHmapHsle hyHKYyuu 113

dyHKUMA, onucbiBaloLWw,asa 06paTHO NPONOPLUOHAJIbHYIO
3aBUCUMOCTb

. k
DyHKIVA, KOTOPYI0 MOXKHO 3aJaTh (opmyJsod Buza y = —,
x

rie X — He3aBHUCHMAasA IepeMeHHas, K — HEeKOTOpOe YMCJIO,
OTJINUYHOE OT HYJIsd, Ha3bIBAeTCA OOPATHOH MPOMOPI[MOHAIB-
HOCTBIO

k
CeoiicTBa byHKIMH Yy = —
x

k>0 k<0
Y Yy
II I 11 I
0 x 0 x
111 v II1 IV

1. OGsiacTs onpeesieHNs — MHOYKECTBO BCEX JeHCTBUTEIbHBIX
umces, Kpome x = 0.
D(f) = (=o0; 0) U (03 +o0)

2. MHOXeCTBO 3HAUEHUN — MHOYKECTBO BCEX JeHCTBUTEIbLHBIX
yuces, Kpome y = 0.
E(f) = (=05 0) U (05 +o0)

3. Heuérnasa. I'paduk cuMMeTpUUYeH OTHOCUTEJIHHO HAayaja
KOOpAMHAT

4. I'padpur pyHKIIUT — runepoosa. CocTOUT U3 IBYX BeTBei

5. 'paduk gexur B I 5. 'paduk gexkutr 8o II u IV
u III KoopAMHATHBIX UETBep- KOODPAWHATHBIX YETBEPTHAX.
TAX. IIpu x >0y < 0; mpu x <0

IIpu x >0y > 0; mpu x <0 y>0
y<0
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OKoHYaHue madbaulybl

k>0 k<0

6. dyuKIUsa yOLIBAeT HA BCeit 6. DPyHKIUSA BO3pacTaeT Ha
obsacTu ompefeeHusd, T. e. Bceil obOJiacTH OIpeeseHus,
mpu x € (—oo; 0) U (0; +0) T.e.mpux € (—oo; 0) U (0; +o0)

Apo6GHo-nuHelHaa GyHKUUSA, e€ cBolicTBa n rpaduk

ax+b

cx+d
npuuém ¢ # 0, Ha3bIBaeTCA TPOOHO-TUHEHHOMN.

DyHKIUA BUNA Y = , rome a, b, ¢, d — IOCTOAHHEIE,

d
DyHKIUA oIpejesieHa BCIOAY, KpoMe X = ——.
c

HpobHO-TMHEHHYI0 (GYHKIIUIO MOMKHO IIPUBECTU K BULY:

d a
y=n+ , TmHe m=—, n=—.
c c
Takum obpasom, rpaduK APOOHO-JIUHEHHOM (PYHKIIUU — BTO

runep6osa, KOTOPYI0 MOYKHO IIOJNYYUTH CABMIOM TI'HIIePOOJIBI

k
Yy =— Ha —m enuHUI BRojsb ocu Ox W HA N eZWHUI BIOJb
x

ocu Oy
-2
I'padur pyrmum y = xl v 3
x +
(x = —1). Ar2
—2x  2x-2+2 .0 1
x+1 x+1 T___ x
_2a) 2 2, | e U S SR
x+1  x+1 x+1
—2x -
To ects rpaduK y = —— Wi '
x+1 !
y= - 2 moJyuaercs U3 rpa- 5
x+1 =,
2 .. y=
dbuka y =— myTéM cABUTA IO x+1
x
ocu Ox wa 1 emWMHUIY BJIEBO
u 1o ocu Oy Ha 2 efUHUIILI BHUS
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OkoHYyaHue mabaulybt

y=x—+1 (x #2)

x -2
x+1 x-2+2+1
x =2 x -2

x—2 3 3 —
= + 0
x—-2 x-2 x-2

.

:

|

'

:

'

- -1

,

,

8

.

3
LT, L LTTTEERE, .

I'padur y = i—j; WIn

+1 mosyyaercs x+1
x -2 y=

OyTEM COBUTA HA 2 €TUHUIILI x -2

BIpaBo BIoJb ocu Ox u Ha

1 egquHUIly BBEPX BIOJb OCH

Oy (x # 2)

y=

KBagpaTtuyHaa pyHKums,
eé cBoicTBa u rpadpmk

Oyurnua Buga y = ax?+bx+c, rue a, b, ¢ — HEKOTOpPbIE YKC-
na (a # 0), x — mepeMeHHas, Ha3hIBAETCSI KBAJPAaTUIHOMN

CsoiictBa dyHKUIMHN Yy = x?2

1. OOsacts omIpeneneHUA — Yy A

Bce JeiicTBUTeNBHBIE umenai | ¢ ol
D(f) = R.

2. MuosxecTBO 3HaueHuit E(f) =

=[0; +x). 4]

3. 'padukom GyHKIIUU SABIA-
erca mapaboJia. Beprmimua na-

p—

pa6ossr — (0; 0). Ll ,
4. f(x)>0 mpu x € (—oo0; 0) U : L
U (0; +o0); oTpHUIIaTEIBHBIX 0] 1 2 3%

3HAUYEHUU HeT.
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ITpodonsxcernue mabauybt

5. Yérnasa QGyHKIUA, Tpaduk
CUMMETPUYEeH  OTHOCUTEIBHO
ocu Oy.

6. Bospacraer pu x € [0; +o);

y6bIBaeT mpu x € (—o0; 0]

CeoiicTBa hyHKIHHI

y =ax’+bx+c

1. OGmacts oIpeneneHusd —
BCE [EHMCTBUTEJBLHBIE UMCJIA:
D(f) = R.
2. Ob6iacTh 3HAYECHUH:
e ecoiz a > 0, to E(f):
[Ygs +0);
e ecim a < 0, To E(f):
(=5 y,l, rme (x5 y,) — KO-
OPAVHATHI BEPIIUHEI Iapa-
00JIbI.
3. IIpu b = 0 pyurnua y = ax>+
+c¢ — uéruasa, b # 0 — obre-
ro BUIA.
4. I'padukoM (PYHKIIUU SBJIS-
eTcsa mapabosa. Bepmiuua ma-

pabonbsl — Touka (m; n), rme
b b® -4

=—-—; n= -2 "2 Ko-
2a 4a

OpAUWHATY TOUKWM 1N MOIKHO 3a-
nucaTh U Tak:
n=am?*+bm+c.
5. ITpu a >0 pyurIua yOLIBaeT
Ha (—o; x,] m BO3pacTaer Ha
b

[x,; +), Tne x, =m = —%.

y=ax?+bx +c

=ax?+bx +ec
a<0

<
|
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OkoHYyaHue mabauybl

6. Och cuMMeTpuHn MapaboJIbI:
b
x=m=-—.
2a
7. Eciiz a > 0, BeTBU mapaboJIbl
HaIpaBJIeHbl BBepX, a < 0 —
BeTBU I1apaboJibl HaIpPaBJIE€HbBI

BHU3

OCHOBHbI€e crnoco6bl nocTpoeHus napa60nbl

TloceTpoenne rpaduka KRAJAPATHYHON (PYHKIMH MO0 IETHIPEM
XapaKTePUCTHYECKUM TOUKAM
(BepuInHa, HYJIU, TOYKA IIepeceueHusd ¢ ockio Oy)

Anaropurm Ilpumep
1. ITocTpouTh BEPIIUHY IIa- ITocTpouTs rpadpur
pabouibl (m; n), BEIYUCIUB M y=x2-3x+2
b
u n no gopMyaam: m = —— 1. m:—i:§:1,5;
, 2a 2a 2
un=am*+bm+c. n=1,52-3-1,5+2=-0,25.

2. IIpoBecTu uepes BepPIIUHY
mapaboyibl MPAMYIO, IapaJi-
snesnbHyI0 ocu Oy, OCh cUMMe-
Tpuu mapabosbl, X = m.

3. Hymum ¢ysrmun: ax’+
+bx+c=0.x, ux, — KOpHI ¢ oceio Oy: (05 2).

2. Ocb cummerpun: x = 1,5.
3. Hynu dyHK1IUN
x*-8x+2=0;x,=1; x,= 2.
4. Touka mepeceueHUsT

ypaBHEHUS. y
4. Touka mepeceyeHus ¢ OCbIO

Oy: (0; C). OrmeTuTs €€ Ha 2
ocu Oy.

5. IIpu HeoOxomuMmoOCTH Haii- 1,5
TH JOIOJHUTEJbHBIE TOUKH.

6. ITocTpouth rpaur uepes 1

HaﬁﬂeHHLIe TOYKHU

0,5

o
—
&
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IToctpoenue rpacuka KBaApaTHYHON (PYHKIMH METOAOM
BBIIeJIEHNS IIOJHOT0 KBaJgpaTa M MapauieIbHBIM IePeHOCOM

DyuKnmo Yy =ax?+bx+cupu-

BecTH K Buny y = a(x—m)*+

+n. [amee — mapajiesb- X

HBII IIepeHOC rpaura y =

= ax? Ha M eAWHHUIL, BIOJIb

ocu Ox, Ha N eIUHUIL [0 OCU

Oy
y=-x2-6x-10
—x2—6x—-10 =
= —(x2+6x+10) =
=—(x?2+6x+9+1) =
=—(x+3)*-1.
ITapannenbHbBIN IEPEHOC I'pa-
burka y = —x? ma —3 eguHU-
bl BIoJib ocu Ox u Ha —1 1o
ocu Oy

CteneHHaa PyHKUUA, €€ CBOMCTBaA U rpacdunk

DyHKRIUA BUOA Y = X%, TIe 0 _

a — I[eIU/ICTBI/ITe‘IjIBHOG qu- Eemn o= 0, To y = {x + ()%’

CJI0O, HAa3BIBAETCA CTEIeH- y

HOM y=x

x

s onucanusa CBOMCTB CTENEeHHON (PYHKIIMU paccMaTPUBAIOT-
CcA XapaKTePUCTUKU:

1) obnactb onpexnenenusa: D(y);

2) obsacTth 3Hauenuit: E(y);

3) 4ETHOCTH MJIM HEUETHOCTD;

4) Bo3pacTanue u yobIBaHUe QYHKIUY HA 00JIACTU OLIpEeIeHUA
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x 0 x 0o/ x 0
X =1 \\Az
¥
J
A fi A
rovroedeog | BRHLIBOL 9 v X=fig=u X=AT=u | N3U‘,X=1f
(N 2 U ¢ X = fi) oronh 90HIIRAALRH 90HLYhOH — 0 ‘,x = fi °g
x 0 x 0 x 0
@
u
(o4 f0] > x X
LoedIggk
3 3 m m
o ‘o) > x
zovzoedeog BRHLOE, (oo $0] A g=ustx=~A IT=uix="f N2U‘ypx=~A
(N 3 u ‘ux = fi) orouh 90HIIRAALRH 90HLIh — 0 ‘X = fi *T
OMHRAII0A 9LIOHIYIhOH U
‘ouHeLORdEOT 9LIOHLYh (ha (ha smded |
vALOHOHE))

3.3. OcHoBHbIe 351eMeHMapHble GyHKYUU

(0 # D) »x = fi uuaHEAD earonmoad u mwiauded |
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x 0 x O_ x O_
(o4 ¢0) 2 x
LoedI1agk f A A
{0 fo—) 2 x mum mum uet x=1f
ravLoedeog BRHIOL, (oo+ £0) 0#x 1 1 1 e
X
mN Su ‘¢ M ug-X = fi u OIrOMh 9OHIIALLINdLO 90HLOh — 0 ‘X = fi *§
X 0 X 0 x 0
(oo+ Q) 1 fi fi fi
‘oo x x x
AO.SV m|” x=~A —_ = .\x\.”b.WﬁN = x=A
RH LoRdI9Q L BRHLOhO 0="fi 0%Xx T & T v 1 (T-ug)-
¢ -ug” ‘
73U I = (1_up¥ = fi | OI'OUR SOHIIALENHALO SO SOHLORIH — B X = fi °g

1ahnrgpw anHan1ropod|
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X 0 0
x 0
BRH
-L9hoH f fi
UH ‘BeH . X = g x=1f f
LoRdII0 £ -L9h U (004 £0) | (o4 Q) g T 0>0 ‘x =1
OIfOMh 9OHIUALRINALO 90IdIIeH — 1 ‘,x = fi °Q
x 0
x 0 <D0
0 fi
x 10
BRHIOhOH fi fi I>0>0 4
UH ‘BRH X = X =f I<®
Loeroedeog -L9h UH (004 ¢0] | (oo <01 € T IT>0>0

3.3. OcHoBHbIe 351eMeHMapHble GyHKYUU

OIFOUh 9OHIIMALUKOIOII 90IATIH — 10 ‘,x = fi ‘G

1N gpuw INHDRHON(O)
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TpuroHomeTtpuyeckue pyHKLUN, UX CBOMCTBA U rpacduku

I'paduk dyarknum y = sinx (curyconna)

Yy
- 1 3n
2 2 N\t 2 AN
/7 gr -, /0 1 v2n5'n3
-3n AN 5m

CaoiicTBa (hyHKINHU Y = sinx

1. O6sacTh ompefeeHAA x € R (x — mr060e umcio)
2. O6sacTh 3HaYEHUN y e [-1; 1]

3. ®YHKIMA HeUETHASA sin(—x) = —sinx

4. Ilepuoguueckasa PyHK- T=2n

us

5. Touku mepeceueHust (nk; 0), k € Z

C OCAMUM KOoopauHAaT

6. ITpoMexyTKU 3HAKOIIO- sinx > 0 mpu

CTOSIHCTBA x € (2nk, n+2nk), k € Z;
sinx < 0 pu

x € (n+2nk; 2n+2nk), k € Z

7. IIpoMesKyTKM BO3pa- Boaspacraer ma
CTaHUA U YOBIBAHUA Y =

T T
= sinx [—§+2nk;§+2nk},kez;

yOBIBaeT Ha

[E+2nk;3—n+2nk},kez
2 2

8. HawuboJbillee 3HAUEHNE

I
—_+
1 opu x 27'Ck, keZ

9. HaumeHbIllee 3HAUEHUE

T
-1 =-Z 42tk keZ
B — npu x 3 jys S
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I'padur dbyHrnun y = cosx (kocuHycouaa)

of

CaoiicTBa (hyHKINHU Yy = COSX

1. OGiacTe ompeeaeHus

x e R

2. O6JylacTh 3HAYEHUIT

ye[-1;1]

3. OyHKIIUA YETHASA

cos(—x) = cosx

4. Ilepuonmueckasa QpyHK-
nusa

T =2n

5. Touku mepeceueHUs
C 0CAMU KOOPAUHAT

0; 1) u (g+nk;oj,kez

6. IIpoMes:KyTKU 3HAKOIIO-
CTOSIHCTBA

cosx > 0 mpu

xe(—£+2nk;£+2nkJ,keZ;
L2 2

cosx < 0 mpu

xe[g+2nk;3§+2nkj,kez

7. Ilpomes:KyTKU BO3pac-
TaHUA U YOBIBAHUS

cosx Bospacraer Ha [n+27nk;
2n+2nk], k € Z;

cosx yObIBaer Ha [2nk; n+ 27nk],
kel

8. HaubosbIliee 3HaUEeHUIE
(QyHKOUU

1 npu x = 2nk, k € Z

9. HanMewnblitee 3HAYEHUE
(QYHKIITIU

-1 opu x=n+2nk, k € Z

123
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I'pacdux u cBoiictBa hpyHknum y = tgx (TaHreHCOMAA)

Y

NI
nola

—

o
. O6GyacTh ompenesieHus: x # 3 +nk, ke”Z.

. Obnacte 3Hauenwuii: y € R.

. ®yuknua HeuérHasd, tg(—x) = —tgx.

. Ilepuoguueckas, T = .

. Touku mepeceueHus ¢ ocamu KoopauHar: (nk; 0), k € Z.
. IIpoMe:KyTKM 3HAKOIIOCTOSTHCTBA:

S U s W N

tgx > 0 npu xe(nk;g+nk),kez;

tgx < 0 mpu xe(—§+nk; nkj,keZ.

7. IIpoMesXyTKU BO3pACTAHUS U yOBIBAHUA:
tgx Bo3pacraeT Ha Ka'KAOM IIPOMEXXKYTKe O0JIACTH OIIpejeJie-

HUSA (—E+nk;£+nkw,kez.
vo2 2 )

8. HaubosbIero u HamMeHbIIIero 3Ha4ueHusA HeT

TI'pacduk u cBoiicTBa dyHKIUM y = ctgx (KoTaHreHCOMIA)

y

pols
S
o3
w
o[
8
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OkoHYyaHue mabaulybt

. Obnacte ompenenenus: x # nk, k € Z.

. Obnactp 3Hauenwuii: y € R.

. ®yuknua HeuérHas, ctg(—x) = —ctgx.

. DyHKIIUA nepuoAmueckas ¢ mepuogom 1’ = 7.
. Touku mepeceuyeHUs ¢ OCAMYU KOOPJUHAT:

O i W N =

T
¢ ocbio Oy — Her; ¢ ocbio Ox: (E + Tk; 0] ,keZ.
6. IIpoMeKyTKU 3HAKOIIOCTOSHCTBA:

ctgx > 0 mpu xe(nk;g+nkj,kez;

ctgx < 0 mpu xe(g+nk;ﬁ+nkj,kez.

7. IIpoMes:KyTKU BO3pacTaHUS U YOLIBAHUA:

dyHKIUA ctgx yObIBaeT Ha KayKAOM M3 IPOMEKYTKOB CBOEH
obsactu oupenenenus: (nk; n+mnk), k € Z.

8. HauboJibIiiero u HauMeHbIIIero 3Ha4UeHUsA HeT

MokazaTenbHas ¢pyHKUUA, €€ cBoOMCTBaA U rpaduk

ITokasaTensHoll (hyHKIMEl HaspIBaeTcAa GYHKIUA BUia Y = a’,
rnea>0ua=#1

TI'padur morkasateabHOI (PyHKIHA

a>1 O<ax<l

CpoiicTBa ITOKa3aTedbHONH (QYyHKIUHN

. O6nacts ompenenenus: D(a®) = R.
. Obsacts 3Hauenuii: E(a*) (0; +o), To ects y > 0.
. OYyHKIIUA HU YETHAsS, HU HEUETHAS.
. Touku mepeceueHus: ¢ OCAMU KOOPAUHAT:

¢ ocsio Oy: (0; 1); c ocsto Ox — HeT.
5. IIpoMesKyTKM BO3pacTaHUA U yObIBAHUSI

W N =
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OkoHYyaHue madbaulbl

a>1

O0<ax<l1

IIpu a > 1 GysKRIIUA BO3pAa-
cTaeT Ha Bceil 06JIacTH OIIpe-
neJeHus

IIpu 0 < a < 1 pyHKIIUA YOBI-
BaeT Ha Bcell obJlacTu oIrpe-
IeJeHus

YeHUud HeT

6. Ina Bcex x € R (y) > 0. Haubourprero u HauMeHbIIeTO 3HA-

Jlorapudmunyeckasa GpyHkumus, e€ cesomcTea u rpadpux

Jlorapugmuueckoit pyHKIMelH HasbIBaeTCA (PYHKIUSI BUIA
y=log,x,rmea>0,a=1

I'pacdux norapudmuyeckoit pysrmun

MOI Y = X

Oyuxnuu y = a* u y = log,x (a > 0, a # 1) B3aumHO 0O6pAT-
HbIe, IO09TOMY UX I'pa@puKU CEMMETPUUYHBI OTHOCUTEJIBbHO IIPS-

a>1

O0<ax<l1

CaoiicTBa JorapudmMudecKoil pyHKIuH

c oce0 Ox — (1; 0)

1. O6nacte onpezenernus: x > 0; D(log, x) = (0; +o).

2. Obnacts snauennii: y € R; E(log x) = R.

3. OyHKIUA HU YETHAsS, HU HEUETHAA.

4. Tourku IepecedeHNUsA ¢ OCAMU KOOPAMHAT: ¢ ocbio Oy — HeT;

a>1

O0<ax<l1

®yuknus log,x Bospacraer
npu a > 1 Ha Bceil obsactu
OIIpe/iesIeHuA

®ynknusa log x yosIBaeT npu
0 < a < 1 Ha Bceii obsacTu
OIIpe/ieIeHU ST
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OkoHYyaHue mabauybl

5. IIpoMesKyTKM 3HAKOIIOCTOSHCTBA

a>1 O<a<1
log x > 0 mpu x > 1; log,x >0 mpu 0 < x < 1;
logx<O0mpr 0 <x <1 log,x < 0 mpm x > 1

6. Hamnbosplllero 1 HanMeHbIIIET0 3HAYEHUA HeT

Yucnoebie nocnepgoBarenbHocTu. NMporpeccun

Ecin xakgoMy HaTypaJIbHOMY YMCJIY 1 IIOCTABJIEHO B COOTBET-
CTBHUE NeiCTBUTEIbHOE UUCJO & , TO TOBOPAT, UTO 3ajlaHa UM-
CJIOBAS MOCJEA0BATEIHHOCTD:

A Ay Qg A5 e A5 e

R n

Croco05I 3aJaHUA OCIE0BATEIbHOCTH

®opmyna n-ro yjieHa a, a =n?+1
— — K2 —

a, = f(n) a,=5+1=26
BBIDA’KAeT UJeH II0CJIeoBa-
TEJILHOCTH B 3aBUCUMOCTH OT
uX HOMEepa

PexyppenTHas (popmyJia BbI- a, . =a—-1,5

pakaer J1000I YJIeH IIOCJIe- a,=17;a,=17-1,5 = 15,5;
IOBaTeIbHOCTU, HAUMHAS a,=15,5-1,5 =14;

C HEKOTOPOTo, Uepes IIpeabl- a,=14-1,5=12,5u . x.

IyIye Y4IeHBI

YucaoBasg MOCIETOBATENBHOCTs — QYHKIUS HATYpPaJIbHOTO
aprymeHnTa f(x)

Hexcm‘opme YHUCJIOBbIE IIOCJIeTOBATEJbHOCTH U UX CyYMMBI

n(n —-1)

2
1+3+5+..+(2n-3)+(2n—-1) = n?
2+4+6+..+(2n-2)+2n = n(n+1)

1+2+383+...+(n-1) =




128

Pazden 3. QyHKYuu

OkoHYyaHue madbaulbl

12+22+3%+...+(n-)2+n

12+22+5%°+...+4@2n-1)% =

1¥P+2+33+...+(r-1D2+n

2 _ nn+1)2n+1)

_ n(n®-1)

6
3
n?(n + 1)

3

13433+ 5%+ ... +(2n— 1) = n*(2n°—1)

4

ApudmeTuueckas nporpeccus (Al)

Apudmeruueckasa mnporpec-
cusa (AIl) — mocaemoBaTesb-
HOCTB @3 Ay Q5 ..., KAKIBIN
YyjieH KOTOpPO#, HayuHasg CO
BTOPOTO, IIOJyYaeTCsa IyTEM
npubaBjeHUs K IpeabIay-
eMy IIOCTOSTHHOTO umcja d
(pasnocmbs npozpeccuu).
a,=a+d,neN

2;4;6;8; .;a,=2,d=2 —
BO3pacTapIas Iporpeccus
-10; -10,5; -11; —-11,5; ...;
a, =-10; d = -0,5 — yOnIiBa-
[oIIasi TPOTPeCcCcus

OcHoBHBIe cooTHOmeHus nasa Al

dopmysia n-ro yieHa

a,=a+(n-1)d,neN

XapaKTepucTuuecKkoe CBOIi-
CTBO

a = anfl + an+1
2

CaoiicTBO ABYX wieHOB All

a,ta =a +a,,
n m
eciu k+l=n+m

dopmyJia CYMMBI 1 IE€PBBIX
yierHoB AIl

Sn:i(al_ka")'n I
2
S :2ai+(n—1)d‘n

" 2
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FeomeTtpuuyeckas nporpeccus (M)

T'eomerpuueckasa mporpeccus (I'Il) — uywmcaoBas mociegoBa-
TeJIbHOCTD, IIEPBBIN WIeH KOTOPOUM OTAWYEH OT HYJIA, KaKIbIH
YJleH, HaUMHAasg CO BTOPOI'0, PaBeH IPEeABIAYINeMYy 4YJIeHYy, VM-
HOKEHHOMY Ha OJHO U TO K€ YUCJIO, He PABHOE HYJIIO.

ITO MOCTOAHHOE YHCJIO ¢ — 3HaMeHAaTeJIb II0CJIeJOBATEJIbHOCTU

Dopmyraa n-ro wiena I'TI b =b-¢"',neN

q= bn+1

bn

Ilpusuak I'l b2=b,,b,,,neN
0O0o00meénubIi mpusuHax I'TI az =a, , a,,keN,neN
CBOICTBO ABYX UJIEHOB a,a,=a;-a ,ecma k+l=n+m
T'TL
Dopmysia CyMMbI bq-b b(q" -1)

S =21 lymS =11 =
n nepsbIx wieHoB I'TI n g-1 n g-1

(ymo6Ho mpu q > 1)

_ b —b,q _ b,(1- q")
" 1-¢ 1-¢
(ymo6Ho mipu q < 1)

Beckoneuno yﬁmnawmaa reoMeTpru4YeCKasI nmporpeccus

BeckoHeuHasA TeOMeTPHUECKAsA IIPOTPECCHUA, 3HAMEHATETh KO-
TOpPOil II0 MoAyJII0 MeHbIne eguHuI (/g < 1), HassIBaeTca Gec-
KOHEYHO yOBIBAIOIIEN

Cymma O6eCKOHEUHO YOBbI- b,
" S = s lal <1
Baroreit I'TI 1-¢

b .
Dopmyny S = e WUCIIONB3YIOT JJIsA 3aIuCy 6ECKOHEUHOI IIe-
-q

puoauUecKoil 1pobu B BUIE AECATUYIHOI




HAYAJIA n
MATEMATUYECKOIO AHAJIU3A

4.1. NpoussoaHas

OnpepneneHue NPOU3BOAHOM

IIpoussognoi PyHK- y
muu y = f(x) B TOUKe X, Y+ Ay D
HasbIBaeTCd Ipejes OT- Ay A
HOIIIeHUA TPUPAIIeHNA %l Ax i
(GyHKUMM Ay K Ipuparmie- 0 x, x,tAx
HUIO apryMeHTa Ax, IIpU
YCJIOBHH, YTO Ax CTpe- X, — HadaJIbHOE SHAYEHHE ap-
MUTCA K HYJIO. ryMenTa;
. A — .

Y = f(x,) = lim Ay _ Ax — TIpupallleHMe apryMeHTa;

Ax—0 Ax Ay = f(x,+Ax)—f(x,) — npupa-
u f(xo + Ax) - f(xo) mieHre PyHKOUU
=1lim

Ax

Onepamnusa HaXOKJEeHUS NIPOM3BOJHOM (PYHKIIMM HAa3bIBAETCH
nuddepeHIIPOBaAHIEM

Tabnuua NnPou3BOAHbIX

IIpous-
IIpousson-
BOIHAA
@ynruus f(x) ) @ynxnus f(x) ana F()
C (const) 0 cosx —sinx
kx+b k tgx, 1
2
x¢E+TCrL,neZ COsS™ X
2
xn n-x"*l Ctgx, x # 7n, 1
nez sin? x
Jx, x>0 1 arcsinx, |x| <1 1
2Jx 1-x°
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OkoHYyaHue mabaulybt

IIpous-
Dynkuusa f(x) BoAHasd Dynxnus f(x) Hpom,n ox
1'(x) Has ['(x)
1 1 arccosx, |x| <1 1
= (x=0) - > 2 -
x x 1-«?
1 n arctgx 1
n (x = 0) T o ¢ 2
x x 1+x
sinx cosx arcctgx 1
1+ x?

ex ex Inx 1

x
a* a* lna log x 1

xlna

OcHoBHble npaBuna audpdepeHuUpoBaHUaA
ITocTOAHHBIN MHOKUTEIb C-(u(x)) =C-u'(x)
MOKHO BBIHOCHUTH 3a 3HAK
TIPOUBBOHOMN
ITpousBogHasg CyMMbI (PYHK- (u+v) =u'+v'
Ui paBHA CyMMe UX IIPOM3-
BOJHBIX
ITpousBogHas mpomsBeeHUA (u-v) =u'v+v'u
II
pOU3BOJHAA APOOH W wo-vu
2 =252 o)
v v

Y-
v U2

ITpousBogHaA CIOKHOM (u(v(x))) = u'(v(x))-v'(x)
(GyHKIUN
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Cnoco6bl BblYMCIIEHUS MPOU3BOAHOM

ITocToAaHHBIH
MHOMXUTEb

MOKHO BBIHO-
CHUTDH 3a 3HAK
TIPOUBBOTHOMN

(Tx%) = T-(x%) = 7-5x* = 35x*

(x") =n-xmt

25— 9. 4251 = 9524

1Y -n
; :F

1Y 10 10
F :_W:_F

(u+v) =u'+v

(cosx + \/;), = (cos x)" + (\/;), =

= —sinx +

1
2Jx

(u-v) = (x?-sinx) = (x?)-sinx+(sinx) -x? =
=u'v+v'u = 2x sinx+x? cosx
(uj’_uv—vu (3x+2j’_
v) v? sinx )
v#0 . .
_ (Bx+2Ysinx - (sinx)'(3x +2)

sin? x
_ 3sinx —(3x + 2)cosx

sin? x

(sinu)' = cosu-u’

(sinl7x) = cosl17x-(17x) =17 cosl7x

[S”{_Wn _(8x m) m)_

\2 5 cosk—+6j—

(cosu)' =
= —sinu-u'
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OkoHYyaHue mabaulybt

, u ,
tgu) = ; , 4 x 1
(tg ) cos®u (tgdx) = >3 (ctg—] - =
, cos” 4x 2 925in2 *
(ctgu) = -—
sin”u
1Y " ( 1 j__(x2+2x)’__ 2x + 2
(Zj T Z+2x) (P20 (27 +22)
’ ’ , 2 ,
(Va) = ((Fioss) - ir2ees)
2Vu 2Wx? +2x +5
_ 2x+2
2x? +2x +5
(L)/__H'U' 1 ) -6-Bx+7) _
u" u"t Bx+7) Bx+7)
_ 6.3 18
Bx+T7) Bx+T7)
(@) = (a**%)" = a*** lna-(cosx) =
=u'(x)-a*®-Ina = —q®** lna-(sinx)
2 ,
(log, u(x))' = (log,(x* —3x +1)y = - 3+ _
, (x* -3x+1)In3
== (x) 2x -3
u-lna =—
(x* -3x+1)In3

FeomeTpuyeckunii CMbICJ1 NPON3BOLHOM.
YpaBHeHue KacaTenbHOn

Ecnu k rpadury dyuaxuun y = f(x) B To4-
Ke X = @ MOKHO IIPOBECTU KacaTeJIbHYIO,
HellapaJlIeJbHyI0 ocu Y, To f'(a) — yrio-
BOU KO3(hDUIIUEHT KacaTeJIbHOMN:
k=1"(a); f(a)=1tga
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YpaBHeHHe KacaTeJbHOH K rpadukry pyHrmun y = f(x)

VYpaBHeHUe IpAMOI uMeeT BUA: Y = kx+b.
k = f'(a), Torma ypaBHeHMNE KacaTeJIbHON B TOUKE X = a

y = fl@)+f'(a)(x~a)

CocraBiieHNe ypaBHEHMsI KacaTeJIbHOM

y = f(x). CocraBuTh ypaBHEHUE Kaca- y= \/;; x, =1
TeJILHO! B TOYKE X, = a

1. Boeruucaurs f(a) fla) = f@) = J1=1
2. Haittu f'(x) u Beruucauts f'(a) P
f(x) - 2\/;9
1
"a)=f'(1)= —= = =
(@) =1'Q) Wl

3. IloxcraBuTh HalifleHHBIe 3HAaUe- 1 .
s 5 popuyny y = @)+ (@)x—ay | Y1 gW D

y=1- 1x + l;

2 2
y=- 1x + — uian
2
y=-0,5x+1,5
dusunyeckuii (MexaHu4eckuii) CMbiC/1 NPOU3BOAHOW

ITpousBomHasaA xapakTepu- § = () — 3aBUCUMOCTH IIPO¥i-
3yeT CKOPOCTh U3MEHEeHM ST IeHHOTO IIYTU OT BPEMEHU;
(yHKIUI IpU U3MEeHEHUN v = §'(tf) — CKOPOCTb IIPAMO-
apryMeHTa. JIMHENHOTO IBUKEHUS;
Ecau mporecc mpoTexkaer 1o a = V'(t) — yckopeHue Ipsd-
3aKoOHY S = S(t), To s'(t) — MOJIMHEHHOTO ABUIKEHUSA
CKOPOCTb IPOTEKAHUA IIPO-
1ecca B MOMEHT BpeMeHU I
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OxoHyaHue mabauybl

Bropasa nmpousBomHas — 9TO
IIPOU3BOAHAA OT IIPOU3BOJ-
HOM

y = f(x)
y' = f'(x)
y'=(x)) =Y

Ecim ypaBHeHume aBUMKe-
HUSA 3aaHo (GYyHKIHeHd, To
nmepBasg NPOU3BOJHAS OTOM
(QYHKIIUU ZACT CKOPOCTH, 3a-
IaHHYI0 (QYHKIUENH, a BTO-
pasg npous3BOIHAA JACT yCKO-
penue, 3asanHoe QyHKITHIEH

a ="0'(t) =s"(t)

4.2. UccnepgoBaHue PyHKUUN
C NMOMOLLbIO NMPOU3BOAHOMN

UccnepoBaHne GpyHKLMUU HA MOHOTOHHOCTb

Bospacranue u yobiBaHue ()yHKIUM HAa IIPOMEKYTKE

y=1(x) dyuknua y = f(x) Bo3pacraer Ha
1(x,) T npomekyTie (a; b) = x, < x, =
fx ) f(x,) < f(x,) mna Beex x,, x, € (a; b)
AL | =
7al0°x;, X, b
y Dyurmusa y = f(x) yobiBaer Ha
\ npoMeskyTKe (a; b) =
x> x, = f(x,) > f(x,)
! M 1 2 1 2
if(x2) N IJIA BCEX X,, X, € (a; b)
UEN) T x
a 0% X% b

HocraTouHoe ycioBUe
Bo3pactanua (yObIBa-
HUSA) QYHKIIUU

Ecau f'(x) > 0 nas Bcex

x € (a; b) = dyurmua f(x) Bospa-
cTaeT Ha IpoMeKyTKe (a; b).

Ecnu f'(x) < 0 gas Bcex

x € (a; b) = dyurnua f(x) yosisa-
eT Ha IpoMeKyTKe (a; b)
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OkoHYyaHue madbaulbl

Bospacranue u yobiBaHUE (DyHKIIMU Ha IIPOMEKYTKE

Heob6xoxnumoe u gocra- Y
TOYHOE yCJIOBUE TIOCTO- y=1(x)
AHCTBA (PyHKIIUN
x
a 0 b

Ecau f'(x) = 0 gia Bcex
x € (a; b) = dyurmusa f(x)
IOCTOSIHHA Ha POMEXXKYyTKe (a; b)

HaxoxaeHue npoMeXyTKOB BO3pacTaHUs 1 yObiBaHUSA
dbyHKUUN

_x2+6x
x-2

1. Haiitu o6iacTb ompe- D(y) = (-5 2) U (2; +x)
IesleHusa QyHKIUA

2. HaliTu mpousBOJHYIO, , (2x+6)(x—2)— (x* +6x)-1 B
Pa3JI0XKUTL HA MHOMKUTE- - (x - 2)2 -
JH (ecI BOBMOJXKHO) ) P —dx—192 x4+ 2)x-6)

(x - 2)° (x - 2)°
3. UccoenoBars 3HAK NN T
TIPOM3BOLHON MeTOZOM + - — — o

2 2 6 y
MHTePBAJIOB

4. BeIOpaTh IPOMEKYTKH, f'(x) > 0 mpu
rae f'(x) >0 u f'(x) <0 x € (—oo; —2) U (6; +©);
f'(x) <0 mpu x € (—2; 2) U (2; 6)

5. Eciu pyuKIus Bospacraer ma (—0; —2] u [6; +©);
HelIpepbIBHA HAa KOHIIAX yowiBaer Ha [—2; 2) u (2; 6]
IIPOMEKYTKA, UX MOXK-
HO IPUCOEAVHUTDH K IIPO-
MEXKYTKY BO3PacTaHUA
(yObIBaHUA)




4.2. ViccnedosaHue gyHKYUU C NOMOW|bIO NPOU3800HOU

137

AkcTpemymbl GyHKUUN

Kpuruueckue Touku (pyHKIUN

Ecau y = f(x) meumpepsiBHA,
a Touka x, € D(y), To f'(x,)) = 0
unu f'(x,) — He cyIlecTByerT,
X, — KPUTHYeCKad TOUKa

f'(x)=0

7ty — me

CYIIIeCTBYET

Heo6xogumspie yciio

Ecim y = f(x) umeer sxcrpe-
MyM B TOYKE X,, TO X, — KpPH-
THYECKasaA TOUYKA.

OpHAKO He KaKaas KPUTHYe-
CKad TOYKA ABJIAETCA TOUYKOU
9KCTpeMyMa.

f'(x,) = 0 u f'(x,) — He cymiecT-
ByeT, HO xo He dABJIAeTCA TOY-
KOH sKCTpeMyMa

f'(x,) — me

CYII[ECTBYET

IlepBrrit MpU3HAK dKCTPEMyMa

Ecmu x, — KpuTmyeckas Tod4-
ka Qpyrrnuu y = f(x) (f'(x,) =0
unn f'(x,) — He CyIecTByeT) u
a) Ipu Tepexojie Yepes X, mMpo-
usBogHaa f'(x,) MeHSeT 3HAK
c «t+» Ha «—», TO X, — TOYKa
MaKcuMyMa

Y
f'(xo)_ He

CYII[ECTBYET
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OKoHYaHue madbaulybl

et ~
+ —

X,

0 f,(xo)
6) pu mepexoje uepes X, Mpo-
usBogHaA ['(xX) MeHseT BHaK

C «—» Ha «+», TO X, — TOYKa
MUHUMyMa.
— +
X9

Bropoii mpusHak 3xcTpeMyMa
Eciu f'(x)) =0 u f"(x)) <0 =

xo — TOYKa MaKCHUMyMa.

r _ 1
Ecnu f'(x,) = 0 u f'(x,) > 0 =
X, — TOUKa MHUHHMYyMa

0

Y f(x)=0

Haxo:xgeHue TOUeK KCTpeMyMa M 9KCTPEeMyMOB (hyHKIIMii

f(x) = V2x® + 9x?

1. Haiitu oGyacTh ompeaee-
HUA QyHKIUN

2x3+9x% > 0; x%(2x+9) > 0;
D(f) = [-4,5; +o)

TN T
-4,5 0 x
2. HaiiTu npousBonHYIO ) 6x> + 18x
X)= ————— =
22x% + 9x°
3x(x +3)

Jx2@x + 9)

3. HaiiTu KpuTudyeckKue
TOUKU

f'(x) He cymecTByer,
x = 0.

x = —4,5 He ABIsAEeTCA BHY-
TpPeHHEeH TOYKOH 00JIacTU OII-
penesieHus.

f'(x) =0 mpu x = -3

ecan
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OkoHYyaHue mabaulybt

HaxosxaeHne Touek S9KCTpeMyMa U 9KCTPEeMyMOB (DyHKIIUIi

4. OupenenuTh 3HAK IIPOMS3- N f(x)
BOJHOM Ha KaXXAOM M3 HH- ¥ = T
TepBaJioB, HA KOTOphLle KpU- -4,5 -3 0 )

TUYEeCKUEe TOUYKU Pas30ouBaIOT
00J1aCTh OIpE/IeIeHUS

5. HaiiTu TOYKH 9KCTpeMyMa x = —3 — TOYKa MaKCUMyMa;
x = 0 — TOUuKa MUHUMyMa

6. HaiiTu sKCTpEMyMBI £ =f(-8)= 3\/§;
fmin = f(G) =0

Cxema uccnepnoBaHust GyHKLUUN

X

y:x2+1

1. O6macTe ompepele- D(f)=R
HuA pyarmnuu D(f)

2. Tourku mepeceueHUs C ocwvio Ox (myam): (0; 0);
C OCAMU KOOPAMHAT ¢ ocsio Oy: (0; 0)

(x,; 0) m (0; y,)- IIpo- - +
MEXXYTKHU 3HAKOIIOCTO- 0 x
STHCTBA

f(x) > 0 mpu x € (0; +o0);
f(x) < 0 mpu x € (—; 0)

3. YérHocTh/HEUET- Heuéruas, f(x) = —f(x)
HOCTb, IEePUOIUUYHOCTH (—x) x
5 =-—; , HeIepuomu-
(-x)" +1 x“+1
yecKasa
4. ITpomsBogHasa , 1 +1)-x-2x 1-— %2
" KPUTHUYECKHE TOUKN - (xz + 1)2 - (xz 4 1)2

y' cymiectByeT nipu x € R;
y' =0 opu x # 1
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OkoHYyaHue madbaulbl

5. ITpoMe:KyTKH MOHO-
TOHHOCTH, TOUKU dKCTPE-
MyMa

~ 4
*1 T

Bospacraer nipu x € [-1; 1]; yOsiBaeT
opu x € (—oo; —1) u x € (1; +o0)

6. I[ToBenenune PyHKITUU
Ha KOHITaX 00JIaCTH OIl-
penenenusa. Ilocrtpoe-
HUe rpadpuka

y

1
1
2
\:‘/‘f) ' X

DO =

Ucnonb3oBaHne NPOU3BOAHON AJIA HAXOXAEHUS
Hauny4dwero peweHvs B NpukKnagHbiX 3agadyax

ITouaTre mpousBOM-
HOM MCIIOJIb3YeTCs
IA U3YYEeHUA U3Me-
HAIIUXCS BEJINYNH,
OBICTPOTHI IIPOMCXO-
OAIUX W3MEeHeHU

Ddusuyeckue IIPOU3BOAHBIE
BeJIMYNHBI

v(t) = x'(t) — CKOpPOCTb;

a(t) = v'(t) — ycropeHUe;

I(t) = ¢'(t) — cua ToKa;

C(t) = Q'(t) — TeII0EMKOCTD;

d(l) = m'(l) — nuHeliHasA MJIOTHOCTb;
E(t) = I'(t) — KoaddummenT mtuHeil-
HOTO DACIIUPEHUA;

w(t) = ¢'(t) — yrJjoBasg CKOPOCTb;
a(t) = w'(t) — yriaoBoe yCKOPEHUE;
N(t) = A'(t) — mMoIHOCTH

4.3. MNepBooOpa3Haa U uHTerpan

MepBooOpasHas. OCHOBHbIE CBOiICTBA NEePBO0Opa3HOI

IIepBoo6pa3sHnoii a1s GyHKIUY f(X) HA 3aJaHHOM IIPOMEKYTKe
HasbiBaeTcAd QYHKIUA F(x), ecau I BCeX X U3 9TOT'O IIPOMe-
JKYTKa BBIIIOJIHAETCA PABEHCTBO

F'(x) = f(x)
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f(x) F(x) Hokasathb, uto F(x) — mepBooOpas-
Hadg f(x)

2x x2, x e R F'(x)=(x%)' =2x=f(x), x € R

’ - F’(x)—(sz/ I

2 - 2 - 2 - - >

x € R

x4, x! arl )’

a#-1 o+1 F’(x):[x ) = (o +1)-x% =

o+1 a+1

=f(x), x e R,a=-1

' Omnepanus HAXOMKIEHU ST '

\ \

TPOU3BOAHON (MYHKIIUU — TepBOOOPAsHOH PYHKIIUN —

nuddepeHIpoBaHe HHTerpupoOBaHHUEe

HuaTterpupoBanue — omnepanus, obparHas K auddepeHIinpo-
BaHUIO

OCHOBHOE CBOMCTBO NepBooOGpasHom

Ecau F(x) — TO F(x)+C —
nmepBoobOpasHasa aas f(x) & nepBooOpasHas misd f(x),
C — mpous3BoOJIbHAA

MOCTOAHHASA
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TeoMeTpuUUecKad HUHTEPIPeTAIIHS
OCHOBHOI'O CBOMCTBa MepBOOOpas-
HOIA:

rpaduKM Bcex IIepPBOOOPA3HBIX
MOKHO TIOJIYYUTDH U3 JII0OOTO r'pa-
(pura myTEéM MapaJlIebHOrO IIe-
peHroca BnoJsb ocu Oy

F(x)+C — obmmuit BUfg
mepBoOOpPasHbIX A f(x)

COBOKYITHOCTh BCEX TEPBOOOPA3HBIX MYHKIMU f(x) HA mpoMme-
JKYTKe Ha3bIBaeTCA HEONPEeNeJEHHBIM WHTErpajioM OT (PYHK-
muu  Ha 9TOM MPOMEKYTKE

IIpaBuia BeIUMCIEHUS IIEPBOOGPAZHON
(HeompeaeIéHHOTO MHTETPAJIa)

1. Ecau F(x) — mepBooGpasHas '[(f(x) + g(x))dx =
mia dyarnuu f(x); G(x) — mepBo-

obpasHas gna QyErnmm g(x), To | = .[f(x)dx t J.g(x)dx
F(x)+G(x) — mnepBooOpasHas MAJa

(x)+ g(x)

2. Ecniu F(x) — mepBooOpasHas s J.Cf(x)dx - CJ' f(x)dx
f(x), To CF(x) — mepBOoOGpasHasa A
Gyaruun Cf(x)

3. Eciiu F(x) — mepBooOpasHas s _[f(kx +b)dx =
dyurmuu f(x) m k # 0, b € R, 10

1
1 - =
% F(kx +b) — mepBooOpasHas s k Fkx +b)+C,

bynaruun f(kx+b) E+0,beR

Ta6nuua nepBooGpa3HbIX (HeonpeaenEHHbIX UHTErpasnos)

Dy IleprooGpasnas J' f(x)dx
f(x) F(x)

0 c J.de=C
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OkoHYyaHue mabauybl

@yHKUUA IlepeooGpasHas I f(x)dx
f(x) F(x)
1 x+C [ax=x+C
n+l n+l
xt, n# -1 S | _[x”dx:x +C, n=-1
n+1 n+1
1 In|x|+C J.d—x =Inlxl+C
x x
sinx —cosx+C jsin xdx = —cosx+C
cosx sinx+C Icos xdx =sinx+C
1
5 tgx+C .[ df =tgx+C
cos” x cos” x
1
— —ctgx+C [ .dazc =—ctgx+C
sin® x sin® x
e* e +C Iexdxzex+C
a* ¢ ¢ Ia"dxza +C
Ina Ina

OnpepnenéHHbIv UHTerpann.
OcCHOBHble CBOMCTBa onpeaesiéHHOro nHTerpana

OmnpeneTéHHBIM MHTETPAJIOM dopmyna Heiorona — Jleii6-
oT a 1o b HenmpepbIBHON QYH- HUIA

Kiun y = f(x), onpenenéHHOK b b
Ha uHTepBase [a; b], Ha3BI- Jf(x)dx = F(b) - F(a) = F(x)|a
BaeTcs IPUPOCT IepBOOOpPAas- ¢

Hoit F(x) mia aroit GyHKIUHT f(x) — monsimTerpamLHAT

(PYyHKITUA
a n b — BepxHUE U HUIKHUE
npenenabl UHTETPUPOBAHUS
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OcHOBHbBIE IIPAaBUJIA M CBOWCTBA
oIpeneIéHHOr0 MHTErpaJja

j]-f(x)dx = j).f(t)dt jz.f(x)dx =0 j}'Cf(x)dx = Cj]. f(x)dx

b b a
[(F(0) + g(x))dx = [ f@ydx = -[ F(x)dax
a a b

= jlf(x)dx + _lfg(x)dx

b c b b 1 kb+1
[fydx = [ feoyda + [ fx)da [ F(kx + tydax = " [ rat
a a c a ka+l
c € [a; b]

FeomeTpuyeckuii CMbICN onNpeaen&éHHOro MHTerpana

KpuBoaunneiinasa Tpanmenus
(Bokpyr ocu Ox)

b
V,, =n j F2(x)dx




4.3. [lepsoobpazHas u uHme2pasn

145

OkoHYyaHue mabaulybt

IITap

Vi :nf (VR —xz)zdxz

-R

R
= 2n[ (B” - x%)dx =
0

Yy
R _[p2 2
T~ Y=NR=x
\
\
0 ! R
-R\ E:
\ I/
\\ !/
~ALL-7

dusnyecknii (MexaHu4eCckuii) CMbICJI

onpenenéHHoro uHTerpana

Ecau QyHKmus v =

b
onpeaeTéHHBIN WHTErpaJt _[ f(x)dx paBeH myTH, IPONIEHHOMY

a

3a OTPEe30K BpeMeHU t = b—a

f(f) obo3HaUaeT MrHOBEHHYI0 CKOPOCTH
IBUJKEHUA Teja B KaKABIH MOMEHT BpeMeHH f{ Ha [a; b], To




FrEOMETPUSA

5.1. NMnannmeTpusa

TpeyronbHUK

TpeyronpbHuk — (Qurypa,
CcOoCTOAIAaA U3 TPEX TOUEK,
He JIeXKaIluxX Ha OHOM
mpAMOIi, U TPEX OTPE3KOB, A

KOTOpbIe HX IIOIIapHO CO-
€eIUHAI0T

C

AABC, A, B, C — BepIIUHBI;
AB, BC, AC — cTOpOHBI

BUOBI TPEYTOJIBHUKOB:

B BaBucuMOCTH OT COOTHOIIEHUS CTOPOH BBIOEJIAIT TaKUe

B
A C
Pa3HOCTOPOH- paBHOOeapeH- PaBHOCTOPOH-
HHMIi — BCe ero HBIIl — DPaBHEI HUil (IpaBUJIb-
CTOPOHBI Pa3Hble JIB€ CTOPOHBI HBIIT) — Bce
CTOPOHBI PaBHEI

BUJBI TPEYTOJIBHUKOB:

B BaBucumMocTH OT COOTHOIIEHUS YIUVIOB BBIOEJIAIT TaKHue

OCTPOYTOJIbHBII IPSIMOYTOJbHBIH

TYHOYTOJIbHBII
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BbicoTa, MeguaHa, GuccekTpuca, CpeaHss NMMHUSA TPEeYroNbHUKa,
cepeauHHbIi NeprneHauKynsap K CTOpoHam

BricoTra TpeyroipHMKa — TMEPHEeHIUKYJIAD, MPOBENEHHBIN U3
BePIINHBI TPEYrOJbHIKA K MPAMOM, comepKallell IPOTHUBOIO-
JIOKHYIO CTOPOHY

B
B A H C
B
H O c H A C

BBICOTBI TPeYroNbHUKA TEePeceKaroTes B OJHOM TOYKE, KOTO-
pas Ha3BIBAETCS OPTOIEHTPOM.
ITosno:xeHue opromenTpa R 3aBUCUT OT BUJa TPEYTOJbHUKA:

B A
H
R
B
A C
R
o
OCTPOYTOJbHBIN TYIOYTOJbHBIH
(BHYTPH ObJsacTH; (BHe ob6sacTu

TPEYTOJIbHUKA) TPEyrOJIbHUKA)
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OKoHYaHue madbaulybl

C B
(R)

npaMoyroabubiii (R cosnaznaet ¢ C)

4" c

BBICOTBI TPEYTOJMBHUKA

00paTHO IIPOIOPIIMOHATBHBI

ero cropoHaM. To ecTs A_
Hau0OoJbIIAA BBICOTA IIPO- b
BeJlleHa K HaMMeHbIIein 1
CTOPOHE, a HAaMMeHbIIasd hythy:h, ===~
BBICOTA — K HAUOOJbIIENH ab
CTOPOHE

MenuaHa TpeyroibHUKA — B
9TO OTPE30K, COeNUHSIO-
Ui BEPIIUHY C cepemu-
HOI IPOTUBOIMOJIOMKHOMN N
CTOPOHBI.

CroiicTBO MeTuaHbI
TPeyroJbHNKA | |

Touka mepeceueHus: Me- A M C
IUAaH AeJUT KaKAyio Me-
nuaHy B oTHolmenum 2:1, BG:GM = 2:1;
cumTas OT BePIIUHBI TPe- GC:GN = 2:1;
YTOJIBHUKA AG:GK =2:1

Menuanbl mepeceKarTCs B OJHON TOUKe, OHA Ha3bIBAETCA
IEHTPOM WJIM IEHTPOM MacC

Mem/IaHy MOMKHO BbIYU-

CJIUTH 10 opMmyJie: b

2 . 0,2 2
9 20" +2¢" —-a a
m, =—""""-
a
4
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ITpodonsxernue mabauybt

m, = ! c

‘2
Menwnana, mpoBeneH-
HadA K TUIOTEeHY3€e IIPAMO-
YTOJILHOTO TPEYTOJLHUKA,
paBHA €€ II0JIOBUHE

()

Buccexrpuca yraa
TPeyrojbHNKa — OTPE30K,
COEUHSAIONIUIN BEPIIUHY
TPEYTOJIbHUKA C TOUKOH
TIPOTUBOIIOJIOKHO CTOPO-
HBI U JeJSIUil yroJ Io-
moJjam.

9Ta TOUYKa SABJIAETCS IeH-
TPOM BIMCAHHON B Tpe-

HaJIbHBIE IPUJIEKAIINM
CTOPOHAM

YTOJbHUK OKPYIKHOCTH. B
Touxka O — 1eHTp BIIU-
CaHHOU OKpysKHOCTU, AM,
CK u BN — 0OuCCeKTpPUCHI K
M
O
A N c

CBoiicTBO GMCCEKTPUCHI B
TPeyroJbHuKa D
BuccexkTpuca yria tpe- c
YTrOJBHUKA JEJUT ero IIpo- A
TUBOIIOJIOXKHYIO CTOPOHY BD AB
HA OTPE3KH, IPOIIOPIIO- DC = AC;

AD — OuccekTpuca

m >1 >h
a a a

m — menuaHa; [ — Owuc-
ceKTpuca; I — BBICOTA
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OKoHYaHue madbaulybl

CepequHHEIIT TepHeHTUKY- B
IAp — TpaAMas, IPOXOJ-
II[as Yepes CepefuHy OT-
pe3Ka, IepIeHIUKYIAPHO
K HEMY. . ‘
Tpu cepefUHHLIX IepPHIeH/HU-
KyJApa B TPEYTOJbHUKE IIe-
PeceKamTCsa B ONHOM TOUYKeE.
Dra TOUKA — LEHTP OKPYIH- A t | H C
HOCTH, ONMCAHHONH OKO0JIO

JAAHHOTO TPeYroJbHUKA

CpenHaAs JIMHHUA Tpe- B
YroJIbHUKA — OTpe-
30K, COeIUHSAIOITUNA
CepeqUHEL IBYX €ro M N
CTOPOH.

CpenHsass TUHUA Tpe-
YrOJIbHUKA, COeXUHI- A C
IOLIAsI CePeNHBI ABYX
CTOPOH, MapaJIjIeTbHA 1
TpeTheil CTOPoHEe, U eé MN | ACu MN = EAC
JUINHA PaBHA II0JIOBU-
He TPeTheil CTOPOHBI

CBOIICTBa CTOPOH U1 YIJIOB TPeYrosibHUKa

CyMMa yrioB TpeyroJbHUKA paBHA B
180°
A+ /B+/C =180°
A C

BHemrnuit yroJy TpeyroJbHUKA

BHemrHmMii yros TpeyroJabHUKA IPU TaH- B

HOM BepIIWHE — 3TO YIoJ, CMEKHBIN 4
C BHYTPEHHUM YTJIOM TPEyTOJIbHUKA.

/4 — BHemHui (npu Bepinuue C) A C
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CROJiCTBa BHEIIHETO YIJIA TPEYTOJBHUKA

BHemaM# yroa TpeyroJbHUKA paBeH J4 = /14292
CyMMe ABYX BHYTPEHHUX YIJIOB, He
CMEKHBIX C HUM

BHemrHu#t yros TpeyrojibHuKa 00JIbIIIe /4> /1

’
J11060T0 BHYTPEHHErO yrja, He CMeXXHO- J4> /9
TO C HUM

HepaBeHCTBO TpeyrosibHMKa

a<b+tc b ¢
a>|b—c

a
PaBHOGeapeHHbI TPeyronbHUK
AABC — pasuobGenpennsiii (AB = BC) B
AC — ocuoBanue, AB u BC — G0OKOBLIE
CTOPOHBI
A c
B CroiicTBa IpuzHaku
Ecau 8 AABC Eciu B AABC /A =
AB = BC, To = /ZC, to AB = BC
/A = /C (yrabl (paBHOOGEIPEHHBIH TpE-
TIPU OCHOBAHUU YTOJBLHUK)
A D C | paBHBI)
Eciu AABC — paBHOGEIPEHHBIH Eciu B TpeyroibHuKe
u BD — menuana, mpoBeeéHHASA COBHAAIOT:
K OCHOBaHNIO, TO BD — BBICOTA a) BBICOTA U MeauaHa
u OuccekTpuca 70071
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OKoHYaHue madbaulybl

0) BbICOTA U OMCCEK-

TpHUCca
nin
B) MeJuaHa U OUCCeK-
TpuCa,
TO TPEeYroJbLHUK PaB-
HOOeIPEeHHBIH
PaBeHCTBO TPeyrojibHUKOB
AB =A B, LA = LA,
AABC =AM BC, | & AC=AC, 4B = /B,
BC = B,C, ZC = £C,
B B,
A Al C,

CBoiicTBa PaBHBIX TPEYroJIbHUKOB

1. ¥V paBHBIX TPEeyroJbHNKOB PABHBI COOTBETCTBYIOIIUE dJIe-
MEHTHI (CTOPOHBI, YIJIbI, MEAMAHEBI, BEICOTEI U IP.).

2. Y paBHBIX TPEYrOJbHUKOB IIPOTUB PABHBIX CTOPOH JIE€XKAT
PaBHEBIE YIJIbI, IIPOTUB PABHBIX YIVIOB — DPAaBHBIE CTOPOHBI

IIpusHaku paBeHCTBA TPEYrOJbHUKOB

ITo xBy™M cTopoHam
U Iy MeXJy HUMU

Y

ITo cTopone u KByM
IPUIEKAIUM yIIaM

O O

ITo Tpém cTopoHam

o o
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IIpuszHaku paBeHCTBa MPIMOYTOJbHBLIX TPeyroJbHUKOB

ITo nByM Kareram

L1

ITo xaTeTy u ocTpomMy yriay

L

ITo runoTenyse u ocTpomy
yriay

L

ITo rumorenyse u KareTy

i

NMonoGue TpeyrosbHUKOB

AB _ AC _ BC
AlBl Alcl BICI
AABC ~ AAB.C,

ITomo0HbBIE TPEYTOJBHUKH — BTO TpPe- B
YTrOJIBHUKY, ¥ KOTOPHIX COOTBETCTBY-
IOIIUe YIJIbI PaBHBI, & COOTBETCTBYIO-
1Y€ CTOPOHBI MPOMOPIMOHAIBHEI.
/A=/A; /B=/B; /C=/C;

CRolicTRa OJOOGHBIX TPEYTOJIBHNUKOB

OTHoOLIEeHNe TepuMeTPOB PaB-
HO OTHOIIIEHUIO COOTBETCTBEH-
HBIX CTOPOH U PaBHO KoahPu-
IMUEHTY II0x00usd

P_AB _,
Pl AlBl
Swuse [ AB

OTHOmIEeHHE IJIOIIAdEeN II0L00-
HBIX TPEYTOJbHUKOB PABHO
KBaapaTty KoahduirueHTa 1mo-
mobus
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IIpusHaKu MOXOOHUSI TPEYTOJbHUKOB

B, Ecnn /A= /A u /B = /B,
1o AABC ~ AAB,C, —
IO ABYM PaBHBIM yIJIaM

-

B Ecmm FA=/A n AB:AC,
AB  AC

To AABC ~ AA B,C, — 10 ABYM IIpO-

MOPIIMOHAJIBbHBIM CTOPOHAM U YIUIY

A C MeXKIy HUMU

_ AC  BC
AB, R A,C R B,C, ’
To AABC ~ AA B,C, — 10 Tpém
MIPOIIOPINOHAJIBLHBIM CTOPOHAM

Ecan

B Eciu PQ | AC, To APBQ ~ AABC.
ITpsamas, mapaJeabHas CTOPO-
Q HEe TPeyroJbHUKA, OTCEKAeT OT
\ HEro TPeyroJbHUK, MOJ00HBIH

A c ITaHHOMY

CooTHOLWEeHue MeXxay 3JieMeHTaMu
NPAMOYroJsibHOro TpeyroJibHuKa

ZC =90°, a, b — karersl,
¢ — TUIIOTeHy3a, /A = o

— Teopema ITudaropa

|LB:90°—a;c>a;c>b

. a b a b
sina = — coso = — tgo=— ctga =—
c c b a

a = c sina b = ¢ cosa a=>btga b =a ctga
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AACD ~ AABC
ACBD ~ AABC h*=a, b,
AACD ~ ACBD a*=c-a,
CD = ¢ — BHI- b>=c-b,
cora
PewueHne npssMoyroJsibHbIX TPE€YroJlbHUKOB
JaHo Haittu Pemenue
> x, Yy, P B =90°-0;
y ¢ X = ¢ cOs0;
Yy = ¢ sina
(N
x
¢ — TUIIOTEHY3a;
O — OCTPBIN yroJ
> x x, o, B x=\/a2+b2;
b a
tgo=—;
(™ Z
¢ tgB =~ mm B =90°—a
a — Karer; a
b — karer
> . x, o, B x = /cz_az;
a . a
sino = —;
(> ¢
x cosB:g uu B =90°-a
¢ — TUIIOTEeHY3a; 4
a — Karet
. X, y’B B=90°—a;
x y x = actgo;
_a
1 (S _
7 sin o
a — Karer;

0. — OCTPBIH
yroJ, IPOTUBOJIE-
Kalu a
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COOTHOLLIEHUS MeXly CTOPOHaMMU U yriamu
B NPOU3BOJIbHOM TPEYroJibHUKe

Teopema cHHYCOB

CTOpPOHBI TPEYrOJbHIKA IIPOIIOP-
IIMOHAJIbHBI CHMHYyCaM IIPOTHUBOJIE-
JKaluX yIJoB.

a b c
. = — = — =92R
sinot  sinf3  sinf R — pagmyc OKpysKHO-
TeopeMa KOCHHYCOB CTH, OIMCAHHOI OKOJIO
TPEYroJbHUKA CO CTO-
2 = a’+b%>—2ab b
c?=a ab cosy ponamu a, b, ¢

CaencTBust U3 TEOpPEMbI KOCHHYCOB:
1. KocuHyc yriyia MOKHO BBIUUCJIUTH IO (opMyJie:
a® +b% - ¢?
2ab
2. OmpejesieHre BUAA TPEYroJbHUKA II0 T€OPeMe KOCUHYCOB:
e ecau a’+b? < ¢?, y — TYmoO# yroj, TpeyroJbHUK

cosy =

TYIOYTOJIbHBIN;

e ecau a’+b? > ¢%, y — OCTPHIHA Yroj, TPeyroJabHUK OCTPO-
YTOJILHBIN;

e ecau a?+b? = ¢, y = 90°, TPEYIroOJbHUK
IPAMOYTOJbHBIM.

3. Ecau a, b u ¢ — CTOPOHBI TPEYTroJbHUKA, TO MeAuaHa,
HpOBeIEHHAA K CTOPOHE d, paBHA:

m, = %\‘/2(62 +b%) - a?

a

MapannenorpaMmm, NPAMOYroJsibHUK, pOM0, KBagpaTt

ITapannenxorpamMmm

B C ITapaanesorpaMM — UeTHIPEX-
VTOJBHUK, Y KOTOPOTO IMIPOTUBO-
IIOJIO?KHBIE CTOPOHBI IOIAPHO
HapajIeNbHbL.

AB | CD u BC | AD < ABCD —
HapasLIeIorPaMM
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(,a+ 0z=tp+lp
:HOdOLY goredredy aWWAD eHgRd HoreHOIRUY goLlediredy BWINA))

wwedaorarireden

— @ogv oL ‘do = 09d ‘D0 = OV 4
MAHIIOIAXedI9Loh — (7)FV ULOH

ao = 09 00 = oV
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‘wwedaorsrredenr — (7OgV ALY q
wwedaorsrreden
— @ogvoL‘Dg=qvuodq=4gv 4
MUAHIIOIAXedIdLoh — ()gV ULOH
‘wiwedaorerreden az =497 a
— @09V oL ‘QVv = 09 AV | 09 & D7 =V7 09 =av 09 = gV oL
MUAHIIOIAXedIdLoh — ()gV ULOH ‘wiwedaorsrredenr — (Ogy ALY
wienend]| vALONO09)) q
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IIpamoyroasHUK
B u 7 C IIpamoyroasHuK — mapaJijieso-
rpaMM, y KOTOPOT'O BCe YIJIbI
IpsAMbIe
Al Lp
B c
A D
CaoiicTBa IIpusHaKu

1. Bce cBoiicTBa mapaJie-
JiorpamMma.

2. Ecaiu ABCD — mpsamo-
yroiabHukK, To AC = BD (nua-
TOHAJIU PaBHBI)

1. Eciu ABCD — mapai-
genorpamm u ZA = 90°, To
ABCD — mnpssMOYTOJIbHUK.
2. Ecniu ABCD — mnapaut-
genorpamm u AC = BD, To
ABCD — nupsAMOYTOJbHUK

Boxpyr sio6oro npsamo-

0 R YTOJbHUKA MOYKHO OIIKMCATh
R a OKPYKHOCTB:
b _a_ a’+v’
2 2
Pomo6
B C Pom6 — mapaJsesorpamm,
y KOTODOTO BCE CTOPOHBI
PaBHEI
A D
B
AH-fec
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ITpodonsxernue mabauybt

CaoiicTBa IIpusHaku
1. Bce cBoiicTBa mapasieso- Ecnu ABCD — ueTnIpéx-
rpamMmma. yroasHUK U AB = AD =
2. Eciim ABCD — pom6, AC = BC = CD, Tto ABCD —
u BD — pguaromasu, TO: pom6
a) AC 1 BD;

0) muaroHajau SIBJISIOTCS
OMCCeKTpUcamMu yIJjIoB

B 110601t poM0 MOYKHO BITH-
caTh OKPYKHOCTb:
h asino _ dd,

2 2 da
KBagpar
B c KBaapar — IpAMOYTOJIb-
J HUK, ¥ KOTOPOI'O BCE CTOPO-
HBI PaBHBI
AF D (AB = BC = CD = AD)
niain
B C KBagpatr — powm0,
s Y KOTOPOTO BCE YIJIBI IP-
A5° mble (LA=/4B=/C=4D =
A D =90°)

CeoiicTBa KBagpara

a Bokpyr KBaspaTa MOMKHO
E OIHCaTh OKPYKHOCTD
a
2 d
pow2 _d
2 2

B xBagpaT MOKHO BIHCATDH
a OKDPY’KHOCTH
a

r=—
2
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OKoHYaHue madbaulybl

d Huarouanab B J2 pas 60Jb-
a II1e CTOPOHEI, T. €. d = a\/E

a _d\/§

ua
2

Tpaneuus

B T C Tpanmenusa — 4YeTHIPEXYTOJBHUK,

Y KOTOPOTO JIB€ CTOPOHBI ITapaJijesb-
HBI, a IBe APYyTue He IMapajjiebHBbI.
AD | BC, AD u BC — oCHOBaHHA;
N D | ABwu CD — 6oxoBbIe CTOPOHBI;

AC u BD — puarouaiiu;

BK n TN — BBICOTHI

=p

CpegHAs IMHUSA TpPAMEIUN

CpenHas JUHMA Tpalemuu — OTpe-
30K, COeIUHAIOIININ cepeIuHbl 60KO-
BBIX CTOPOH.
A MN — cpenHsis JIUHUS
MN BC
MN AD
_BC+AD
2

CsoiicTBa:

MN

B BO OC BC

PaBHOOOKas Tpamenus

PaBHoOOKas Tpamemus — Tparnemus
C PaBHBIMU OOKOBBIMH CTOPOHAMU

B C
My@
D
c
m ABOC ~ ADOA; == = —— = 2~
DO AO AD
0
A D
&
A D
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IIpodonsxernue mabauybt

CaoiicTBa

B C 1. /A = /D; /B = ZC; yrJasl Ipu OC-
HOBaHUU PaBHBI.
2. AC = BD.

Bricora, mpoBeéHHASA M3 BEPIINHBI
TYIOTO yTJia, AeJUT OOJIbIllee OCHOBA-
HIUe Ha OTPEe3KU M U N AJIUHON
n m m = a ;_ b (paBeH cpeHel JUHUNM)
b-a
2
Eciu guaronasu paBHOOOKOI Tpa-
Ienuy B3aUMHO NEPIEHANKYIAPHEI,
TO BBICOTA PaBHA CPeJHEN JIMHUN:
a+b
2

n=

h=

ITpamoyrosisHaA Tpamenus

B C IIpaMoyroisHaa Tpaneuusa — 35TO
Tpamenusa, y KOTOPoi ofHa OOKOBasd
h h CTOPOHA IIEePIeHJUKYIIpHA OCHOBA-
4B L D HUAM:
AB 1 AD; AB 1 BC; AB="h
CsoiicTBa
B C
A D
PasHoOCTh KBaApaTOB qHATO- CymMmMa KBaJgpaToB qUATOHA-
HajJlell paBHA Pa3HOCTU KBa- Jeil paBHA CyMMe KBajpa-
IPaTOB OCHOBAHMIA: TOB OCHOBAHUI U YABOEHHO-
BD?—-AC? = AD?*- BC? ro KBajapaTa BBICOTHI:
AC?*+BD? =
=AD*+ BC?>+ 2AB?
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OKoHYaHue madbaulybl

Tpanenusa 1 OKpPy;KHOCTH

B C Eciiz 0K0JI0 Tpamenuy onmcaHa
OKPY’KHOCTb, 9Ta Tpalenus — PaBHO-
Ooxas.
A D

O0paTHO: OKOJIO PAaBHOOOKOI Tpaie-
UM MOJKHO OIMMCATh OKPYIKHOCTH

B C Ecau B Tpamenuio BIUCAHA OKPYK-
l HOCTB, TO:
o) 1) cymma ocHOBaHUII paBHA cymMMe 60-
A 4 D KOBBIX cTopoH: AB+CD = BC+AD;

2) paguyc OKPYsKHOCTU PaBeH IIOJOBU-
ZAOB = ZCOD =

HE BBICOTBI: I' = —;
= 90° 2
AAOB u ACOD — 3) ecau COeIMHUTDH IEHTDP OKPYIKHO-
IPAMOYTOJIbHBIE CTHU C BEPIIMHAMY TPAIEINU, TPe-

YTOJBHUKHU, MPUIEKAIINEe K G0KOBBIM
CTOpPOHAM, OYAYT HPAMOYTOJbHBIMU

OKpPY>XXHOCTb U Kpyr

OprDRHOCTB — MHOJECTBO TOYEK

M / D IJIOCKOCTH, PACCTOSHUE OT KOTOPBIX
A 10 TAaHHO! TOUKU (IIeHTPa OKPYIKHO-

CTHU) ONMHAKOBO.
c O — IeHTDP OKPYKHOCTH.
Pamguyc OKpYy:KHOCTH — PACCTOSHUE OT
IIEHTPA [0 TOUKU HA OKPY KHOCTH.
OA, OC, OD — paguycel. OGo3HauaeT-
ca R niu r.
Xopaa — OTPe30K, COeNMHAIIINNA TBe
TOUKN HA OKPYXHOCTH.
MN, CD — XopJbl.
JMuameTp — Xo0pja, IPOXOAAIIAS Ue-
pes meHTp (ob6osHavaercsa D wiau d).
D = 2R, CD = 20A

Kpyr — MHOXeCTBO TOUEK ILJIOCKOCTH,
paccTosiHe [0 KOTOPHIX OT JaHHOH
TOuKM (I[eHTPa KPyra) He IIPEeBbIIIIaeT
IaHHOTO paccTosHUA (paguyca Kpyra)

Oe
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OKpPY)XXHOCTb, XOPAbl U Ayrn

A
B
C

Jlyra OKpysKHOCTH — YacCTh OKPYKHOCTH,
OrpaHUYEHHAA ABYMs €€ TOUKaAMU.
UAB, UBC, UAC

CBoiicTBa

B

AC

D

X

PaBHLIe AYIru CTATrUBaIOT
paBHBIE XOPIHL.

Ecau UAB = UCD,

T0 AB = CD.

PaBHLIe XOpAbl CTATUBAKOT
paBHBIE OYTA.

Ecau AB = CD,

T0 UAB = UCD

B
A

3

C

ITapanmenbHBIE XOPABI OTCE-
KalOT OT OKPYXHOCTH PaB-
HBIE TYTH.

Ecmu AB || CD, To UAC =

C

Ay B
D

CD — pumamerp,
AB — xopza.

Ecau CD 1 AB,

T0 AM = MB;

ecau AM = MB, to
CD 1L AB

=UBD
A__¢
D@
B

Ecnu xopast AB u CD mnepe-
ceKalTcsa B TOuKe S, TO
AS-SB=CS-SD

B

z‘
N

Cc

Ecnu AB — xoppa, AC —
nuametp, BD 1 AC, To
AB? =AD-AC

BD? =AD-DC
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OKpPYXHOCTb, KacaTesibHble U ceKyLimne

KacarenpHasg — mpsaMas, UMeOIas

C OKPY’KHOCTBIO TOJILKO OJHY OOIIYIO TOUKY.
AB — xacaresbHasd.

Cekymiasg — mpsMasi, UMEHIasd ¢ OKPYIK-
HOCTBIO JBe OOII[1e TOUKU.

CD — cekyiasa

JIAPHA PafiNyCy, IPOBEAEH-
HOMY B TOYKY KaCaHUs

CaoiicTBa
B A A
>
,'k C
B
OA 1 AB
KacarenbHas mepueHIuKy- AB = AC

OA — oOuccexrpuca /BAC.
Ecau 13 ogHo#i ToOUuKU

K OKDY’KHOCTU IIPOBEIEeHbBI
IBe KacaTeJlbHbIE, TO:

a) OTPEe3KU KacaTeJbHBIX
pPaBHBI;

0) OmcceKkTpUca yriia MexXIay
KacaTeJIbHBIMU IIPOXOIUT Ue-
pes IeHTDP OKPYKHOCTH

B

Eciu SB u SC — cexkyiue,
10 SA-SB =SD-SC

Ecau SM — KacareibHad,
SA — cekyias, TO
SM? = SB-SA
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B3aumHoe pacrnosioXXeHue NPsIMOi N OKPYXXHOCTHU

d — paccToAHUe OT IEHTPA OKPYKHOCTH IO MPAMOMU, I' — pa-
IAYC OKPYXKHOCTH

d>r
. OO0IuX TOUEK HeT
|

A B d=r
- OpxHa of0Ias Touka
AB — kacaTeJbHas

M M~N d<r

IBe obiue TOUKU
MN — cexkymias

B3auMHoe pacnosioXXeHue ABYX OKPYXXHOCTeln

OO0, — paccroaHMe MeXay IeHTpaMu, R u r — paguycel
OKpysKHOCTEH (R > 1)

OKpysKHOCTH HE MMEIOT OOIIMX TOUYEeK

m K—\
(0] (0]
U 0 m
\_7/
OKPY’KHOCTH JIeKaT OJHA >
BHEe APYyrou R

R+r <00,

A

OpHa OKPYKHOCTD JIEIKUT
BHYTPHU APYTOit
00, <R-r
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OkoHYyaHue madbaulbl

Oxpy:xHOCTH KacarwTca (ogHa 00Inasi TOYKA)

r /
Kacatorcs Buelnne

00, = R+r

R

%

Kacarorca BHyTpeHHE
00, =R-r

OKpPY:KHOCTH IepeceKarnTCsa
(xBe 00IIME TOYKH)

R-r<00,<R+r

j

C

C

Yrnbl B OKPY)XHOCTHU

A ITenTpaasHbIi yroa —
IJIOCKUH yTOJI C BEePIIMHON

B I[€HTPE OKPYKHOCTH.
/AOB — 1eHTpaabHBIN YTOJI.
ZAOB = UAB.

IlenTpasbHbBIN YIoJa U3Meps-
eTcs Lyroii, Ha KOTOPYIO OH

onupaeTca

5]
w@>
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OkoHYyaHue mabauybl

BnucanHuslil yrox — yrou,
BepIIIHA KOTOPOTO JIEXKUT Ha
OKPY’KHOCTH, & CTOPOHBI IIe-
pecekarrT eé.

/ABC — BOMWCaAHHBIH.

Brnmrcanubiil yros paseH mo-
JIOBUHE JyT'U, Ha KOTOPYIO OH
onmpaeTrcd, 1 IOJOBUHE IIeH-
TPAJIBLHOTO yIJjla, ONuparoIle-
rocs Ha Ty Ke AYTY:

AABC:%UAC

1
ZABC = ;LAOC

D E
&
NG
BHHCaHHBIe YIJIbI, OIIMpa-
oI[recd Ha ONHY U Ty Ke

/ACB = Z/ADB = ZAEB

IyTY, PABHBI MeKIy COOOIi.

Brnimcauuble yriibl, KOTOpHIE
OIIMpAalTCa Ha AUAMETDP, IIPA-
MEIe.

LACB = LADB = ZAEB = 90°

¥Yroa MeKay KacaTelbHOU
M cerylen

M A

B

MA — KacaTeJibHAs;
MB — ceryias

LAMBzéuMnB

YToa MeKIy XopaamMu
A D

AB u CD — xopasl
1
ZAMC = ;(UAC + UBD)
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OKpPY)XHOCTb, BMUCAHHAsA B TPEYroJibHUK, U OKPYXXHOCTb,
onucaHHas OKOJIO TPeyroJsibHMKa

BrnimcanHas OKpPY:KHOCTH

OKpY’KHOCTH Ha3bIBAETCSA BIUCAH-
HO# B TPEYTOJHHUK, €CJIU OHA Ka-
caeTcsa BCEX ero CTOPOH.

ITenTp 5TO¥ OKPY'KHOCTH — TOY-
Ka mepeceueHus: OUCCEKTPHUC YIJIOB

TPeyToJIbHUKA.

28 S
r=—— wIum r =—, rae
a+b+c p
_a+b+c

2 ’

S — miaomaab TpeyroJabHUKA,
p — moJynepumerp, a, b, ¢ —
IJIVHBI CTOPOH

a3
r = —
6
Touxka O —

IEHTD BIIU-
CaHHOUW W ONHU-
CaHHOU
OKPYKHOCTH,
TOYKAa Iepecede-
HUS OUCCEKTPUC,
MeInaH, BBICOT

PaBHOCTOPOHHMI PasHOOepEeHHBIN IIpAMOYTOoIBHBII
TPEeyroJabHUK TPEyroJabHUK TPEYroJabHUK
B
c
a
r ‘
r b

yon

AB = BC

BD — BrICOTA,
MenuaHa, Ouc-
CEeKTpHCa, BbI-
cora.

OD=r

a u b — Karersl,
¢ — TUIOTeHy3a

a+b-c
r=———

2

a+b=2R+2r,
R — paguyc onucas-
HOUM OKPYXHOCTHU
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OnucanHas OKPYEHOCTB

B OKPY’KHOCTH Ha3bIBAETCSA OMUCAHHOM
OKOJIO TPEeyTroJIbHUKA, €CJIU OHA IIPOXO0-
IUT yepes3 BCe ero BepPIIMHBI.

ITeHTp 9TOI OKPYKHOCTH — TOYKA IIe-
peceueHns CepPeUHHBIX MePIeHINKYIs-
POB K CTOPOHAM TPEYTOJbHUKA.

AN €| oa-oB-0c-R

Q

abc a
B npousBosbHOM TpeyroapHuKe: R = ——; =—.
4S 2sin A
a3

B paBHOCTOpOHHEM TpeyrojJbHUKe: R = 3

c
B npamoyrossHOM TpeyroinbHuKe: R = 3’ rie ¢ — TUIOTe-

Hy3a TpeyroJbHUKa

IToso:xeHNEe TOUYEK OMHCAHHON OKPYKHOCTH
B 3aBHCHUMOCTH OT BHJa TPEYroJbHUKA

OcTpoyroabHbIi

IleuTp — BO BHyTpeHHe
06JIacT! TPEeyroJbHUKa

TynoyroJasHbIi

ITleuTp — BHe o0sacTu Tpe-
YTOJBLHUKA

>

IIpaMoyroasHBII

IleuTp — coBmagaer c cepe-
NUHOU TUIIOTEHYS3bI

N
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MHOroyronbHuK.

CymMMa yriioB BbiNyKJIOro MHOIOyroJjibHuKa

MHOroyroJabHUK — IIPOCTAA
samkuyTasa Jomanasa. Cocen-
HUe 3BE€HbA He JIeKaT Ha Of-
HO¥ IIPAMOM.

ALA, ..A ,A — Bep-
IIIAHBI;
AA,AA, ..,A A — cro-

POHBI;
AA,, .. A A, — nuaronanu;
LA, ZA,, .., LAn — BHY-
TPeHHUEe YIJbI;

o, B, ... — BHEIIHUE YTJIBI
MHOTOYTOJIbHUKA
BeInyKbIii MHOTOYTOJBHUK HeBbImyKabrit
JIESKUT B OJHOU IIOJIYILIO- MHOTOYTOJIbHUK
CKOCTH OTHOCUTEJBHO JIFO- B
001 MPAMOI, comepsKalei
CTOPOH
POHYy A C
C D
D
B F E
E
A
F

CyMMa yTJIOB BBIITYKJIOTO
Nn-yroJbHUKa

O + 0+t =Y =

=180°-(n - 2)
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OkoHYyaHue mabauybl

CyMMa BHEUTIHUX YTJIOB
n-yrojJbHUKA (110 OJHOMY
IpU BEpIIIUHE)

By

B, +B,+B,+-..+B, =360°

BnucanHbIe M oMM CaHHBIE MHOTOYIOJIbHUKH!

BnucaHHBII MHOTOYTOJIbHUK

/

1

7

Bce BepmuHBI JexaT HA
OKPYKHOCTU

OmnucaHHBII MHOI'OYIrOJIbHUK

Bce cTopoHBI — KacaTelb-
HbIe K OKPY’KHOCTH.
P-r
S =7
P — mepuwmetp, r — paguyc
OKPY’KHOCTH

BniucaHHbIE U OMMCaHHBIE ‘IeTI:IpéXyI‘OJILHPlKM

C

A
D

ABCD — BnucauHbIi ue-
TBHIPEXYTOJIBHUK <>

A+ 2ZC =180°

/B+ /D = 180°

A B

D

ABCD — omnucaHHBIN Ue-
TBIPEXYTOJNBHUK <
AB+CD = AD+BC
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I'Ipanmbele MHOrIoyroJibHukKu

BBITYyKJIBIHT MHOTOYTOJBHUK
Ha3bIBAETCS MPABUJIBHBIM,
ecJii y Hero Bce CTOPOHBI

U yTJIbl PABHBL.

Kakaprit yroa mpaBuJIbHOTO 7-
YroJIbHUKA PaBEeH:

180°(n - 2)
n

n

BHemHu# yroy mpaBUJIbLHOTO
n-yroJlbHUKA PaBeH:

360°
B, =

n
ITepumeTp IpaBUJIBLHOIO

Nn-yroJbHUKA CO CTOPOHOMU a:

P =an
Ilmomans TpaBUIBLHOTO

n-yrojJbHUKA CO CTOPOHOI a:

na®

1800)

S
4tg(

n =

n=4un-=28

IInomans IpaBUIBHBIX:
a) TpeyroJbHUKA:

a*\3

S; = 1
0) 4eTBIPEXYTOJIBHUKA
(xkBazgpara):
S,=a’

B) IIECTUYTOJBHUKA:

_ 3a2\/§

S
6 2
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BnucaHHble n onucaHHbie OKPY>XHOCTHU
npaBuJiIbHOro MHOroyroJibHuKa

BniucanHag OKPYKHOCTH —
KacaeTcsa BCeX CTOPOH IIpa-
BUJIBHOI'O MHOT'OYI'OJIBHHKA.
OnucaHHAsA OKPYKHOCTD —
TIPOXOJUT Yepes Bce
BEePIIMHBI IIPABUJIBHOI'O
TPEyTroJbHUKA

R — paauyc OINCAHHON OKPYMKHOCTH, ' — PAAUyC BIMCAH-
HOM OKPY?KHOCTH, @ — CTOPOHA IMPABUJIbHOIO MHOTOYIOJbHU-
Ka, S, — miomans, P — mepumerp

Cease mesxny P, R, r, S na

Koauuectso CTOPOH

R r S
MHOTI'OYTrOJIbHUKA
a o
n 1800 | LetgC | 1p,
2sin —— 2 n 2

DD
N

[=2]
S|
S
o2,
w
gl\?
@
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3aBHCHMOCTh CTOPOHBI @, IPABMIBHOTO 7-YyTOJbHUKA
orRur
Kou-Bo cTropon 3aBHCHMOCTD @, 3aBuCHMOCTD a,
MHOTOYTOJbHUKA orRun orrun
n . 180° 180°
a, = 2Rsin a, =2rtg
n n
3 a; = R\/g a; = 2r\/§
4 a, = R\2 a,=2r
6 a. =R 2
6 ag = 3 3

5.2. MpsmMble U NJIOCKOCTU B NMPOCTPaHCTBE

B3aumHoe pa3melueHue ABYX MPSAMbIX B MPOCTPaHCTBE

Ilepecekarmuecss IpsIMbIe

—5

Ilepecexarouuecsa npsamMbie —
JBe IPsMbIe, UMEIOIIE TOJbKO OLHY
O0IIYI0 TOUKY

IIpusaaku

CsoiicTBa

Ecau ogna Touka mpuHanpie-
JKUT NaHHOU IIPAMOU, a ApY-
rad — eil He IPUHAMAJIEIKUT,
TO JaHHAA OpAMasd U IPs-
Masfd, IPOXOAAIIAsa uepe3 9Th
TOUKHU, MEePeCceKaroTca

B
a

Yepes TOUKY BHE JaHHOU
MPAMON MOJKHO IIPDOBECTH
0ECKOHEYHO MHOT'O IPAMBIX,
IepeceKaronx TaHHYIO
MIPAMYIO
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OkoHYyaHue mabaulybt

IIpusnaku CaoiicTBa
A
l
a

Yepes [Be mepeceKaroIiue-
Csl IPAMBIE MOYKHO IIPOBECTH
IJIOCKOCTh W TOJIBKO OIHY

HapaJIJIeJII:HBIe nmpsaMbie

G ITapannensHbie MpAMbIE — JIBe IpPAMEIE,
? JIe)Kalye B OOHOM IJIOCKOCTH U He MMeo-
@ e oOIIUX TOUYEK
al|b
IMpusaaxu CpoiicTBa

Ecau nBe mpsiMble mmapali-
JIeJIbHBI TPETheU IIPSAMOH,
TO OHU IapaJlJIeIbHBI JPYT
APYTY.
Eciualcubl|c,0oa|bd

a

Yepes TOUKY BHE JaHHOU
OPAMON MOKHO IIPOBECTH
MPSIMYI0, MapajieJbHy0
NaHHOW MPAMOM, U TOJIb-
KO OIHY

M a

‘-Iepea ABe IlapaJjijieJIbHbIe
IIpAaMBbIe MOJKHO IIPOBECTU
IIJIOCKOCTBb U TOJIBKO OOAHY

a

175
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OkoHYaHue mabaulbl

IIpusHaku CaoiicTBa

Bce npameie, nepecekaro-
e ABe JaHHBIE ITapai-
JIeJIbHBIE IPAMBIE, JIEXKAT

C HUMHY B OHOM IJIOCKOCTHU

albd

CxpemuBaroninecs npsavbie

a CkpemuBaronuecs npaMeie — IBe Ips-

MbIe, He JieKalllie B OQHOU IIJIOCKOCTH
b
(04 ‘\\
\

IIpusaaku CaoiicTBa
Ecnu ogna nmpamas JeKUT 1. Yepes TOUKY BHe HaHHOM
B ILIOCKOCTH, a APyras IPAMOI MOYKHO IIPOBECTU
npsAMas IepeceKaeT 3Ty 6eCKOHEYHO MHOT'O CKPeIIu-
IJIOCKOCTh B TOUKE, BAIOMINXCSA MPAMBIX.
He TIpUHAIJIeKaIei mep- my ym,

BOUW IPAMOM, TO 3TU IPSAMBIE

CKPeIMBAaIOIIecs @ %
// \‘
\
\

b /

A 2. [Ina no0bIX OBYX
o /’ / CKPEeIUBAIINUXCA IPAMBIX
/ B IIPOCTPAHCTBE CYIIECTBYyeT
TpeThbA MpsaMasi, KoTopas
SABJISIETCA CKPEeIUBAaIOIei-
cA OJIA KasKIOW M3 MaHHBIX
OBYX IPAMBIX
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IlepnierquKyIApHBIE MPSIMBIE

IlepnieHgUKYyISIPHBIE IPSAMBIE — JBe IIPA-
a Mble, KOTOpPbIEe IIepeceKarTcd Mo YoM
90°
90°
b
CyuiecTBoBaHue IepneHUKYIAPHOCTH

M eIUHCTBEHHOCTH

¥ IMapajajieJbHOCTh

Yepes Ka'kAYyI0 TOURY IPS-
MO¥# MOYKHO IIPOBECTH IIep-
HNeHIUKYJIAPHYIO el IIps-
MYIO, U IIPX 3TOM TOJBKO
onny

b

IlBe IpsAMBbIe, IIePIEeHAUKY-
JITPHBIE TPeThel, mapaJi-
JIeJIbHBI MEXKIy co00i

a b

]

ale,ble=alb

Yepes KaKIAyI0 TOUKY, HE
JIeKAIMIYI0 Ha TaHHOU IIPA-
MO¥, MOYKHO ITPOBECTH IIeP-
TEeHAUKYJIAPHYIO €fl IPAMYIO
¥ IIPU 3TOM TOJIBKO OIHY

M

Ecnn npamasa neprneHAUKY-
JApHA OJHOUN M3 ABYX IIa-
paylieIbHBbIX IPAMBIX, TO
OHA NepIeHANKYJIApHA

U OpyTo#l mpamMon

b

o

alec,alb=bLlec
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MapannenbHOCTb NPSIMOIA U NJIOCKOCTU

a IIpaMaa u MIOCKOCTH MapaJjiebHbl, €CJIN
OHU HEe MMEIOT OOIIUX TOYEK

ala

IIpusHak CaoiicTBO

o b

Ectual||bubca, toal|b.
Ecnn npamvas, He npuHan-
JIeKaIasa IJI0OCKOCTH, Ia-
pajienbHa KakoM-1u00 mps-
MO’ B 9TO¥ IJIOCKOCTHU, TO
OHAa mapaJjuiejbHa BCeH ILIO-

Ecau a || o, B mpoxozut ue-
pes a, B mepecekaer o 1o b,
to a || b.

Ecau yepes mpsMyio, mapas-
JIeIBHYIO IIJIOCKOCTH, IIPO-
BECTH BTOPYIO IIJIOCKOCTb,

CKOCTH KOTopasda IiepeceKaeT IIep-
BYIO, TO IIpAMasd 1mmepeceye-
HUSA ILJIOCKOCTEN ImapaJjaeyib-

Ha IepBOIl MPAMOHN

Hapannenbnom‘b IJIOCKOCTEN

JlBe IJIOCKOCTH HA3LIBAIOTCA IIapaJliesb-
a HBIMU, €CJIM OHU He UMEIOT OOIIUX TOYeK.
alp
IIpusznak

Eciu nBe mepecekarolnuecs MpAMbIE OJI-
HOM IJIOCKOCTH COOTBETCTBEHHO IapaJi-
JIEJIBHBI IBYM II€PECEKAIOINUMCS ITPAMBIM
IPYTO# IJIOCKOCTH, TO TH ILJIOCKOCTH IIa-
paJjlieIbHbL
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OkoHyaHue mabaulybt

Ecmmalla;b|b, (aca,bca,a B,
b,cp), roolp

CaoiicTBa

Ecnu nBe pasianuHble IJIOCKOCTH HapaJi-
JIeJIbHBI TpeTbeﬁ, TO OHU ITapaJljieJIbHbL
B MeXKIy co0oii.

Ecau o | By [ B, mo o || v

Y
Ecnu nBe mapasieabHbIE ILIOCKOCTU Iepe-
CeKalOTCA TPeTheil, TO IpPAMEIE Iepecede-
HUA IIapaJjijeIibHbI.

@ Ecnu o | B u y mepecexaer o mo a, y mepe-

8 cexkaer pmo b, To a | b

OTpes3Ku MapajjiebHBIX IPAMBIX, 3aKJIIO-
I-IéHHbIX MeXAy IIapajijieJIbHbBIMU IIJIOCKO-
o \A \\C CTAMM, PAaBHBI.
\ Ectu AB||CDua|B@A € a,C < a,
D | Bep,Dep), t0AB=CD

MepneHANKYNSPHOCTb NPSIMOM N NIOCKOCTU

m m IIpamasa, mepeceramiiasa
IJIOCKOCTH, HA3bIBAETCS Mep-
b x b MEeHTUKYJISIPHON 5TOH ILJIO-
o c/! o c/ X CKOCTH, €CJI1 OHA IepIeH-

OUKYJASPHA 000 mpaAMOit,
JIe)KaIlell B 9TOU MJIOCKOCTH.
mloaeml x, x — nobdas
mpsiMas IJIOCKOCTH O
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IIpusHaAK MEPHEeHIUKYIAPHOCTH MPAMOM M IJIOCKOCTH
m m Ectmalmublm(@ub
B IIJIOCKOCTH O U IlepeceKa-
b ored), To a L o.
a a o a \b Ecau npamas nepnenan-
KyJApHA IBYM IlepeceKaro-
IIUMCA TPAMBIM, JEKAIITNM
B IJIOCKOCTHU, TO OHA IEP-
MEeHANKYJAapHA 9TOH ILIO-
CKOCTH
CeoiicTBa NePIneHTUKYIAPHBIX IIp}IMOﬁ M IIJIOCKOCTH
1. a
b
o !
Ecisu miockocTs mepueH- Ecau npsmble mepneHguKY-
IUKYJIApHA OAHON M3 ABYX JITPHBI OTHOM U TOH JKe ILJIO-
napaJjiesbHbIX IPAMBIX, CKOCTH, TO OHU IIapajijiesb-
TO OHA IEPIeHIUKYIsApHA HBI.
¥ BTOPOIl IIPAMOIL. Ecima Loaublo,toalb
Ecima|bua Lo, Toa Lb
2.
o
a
Eciu npsamvasa nmeprneHAUKY- JlBe pasiuuHbIE IIJIOCKOCTH,
JISIPHA OSHOM M3 ABYX Ma- HepPIeHINKYIAPHbIe OIHOI
pasIeIbHBIX ILJIOCKOCTeHt, U TOM ’Ke IPAMOIi, mapaJ-
TO OHA IEPIeHIUKYIsIpHA JIeJIbHBIL.
U BTODOIA. Ectmoa Lauf La,oalp
Ectmo|Buala,oalp
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MepneHauKyNap v HaKJIOHHas

Ha niockoctu

B nmpoctpancTBe

A

(0} a

AO L o, O € a
AO — TepueHIUKYJIApP U3
TOYKU A K IPAMOH a

A

o (0]

AO L o, O e a
AO — TepueHIUKYJIAD U3
TOYKU A Ha ILJIOCKOCTH O

A

a B

AO — paccrogHUIE
OT TOUKU A [0 IPAMOH a;
AB — HaKJOHHAaA

A

a 0T N\B

AO — paccrosHue

OT TOYKK A [0 ILJIOCKOCTH O}
AB — HaKJIOHHadA

TlepreHAUKYIADP KOPOUE HAKJIOHHOM.

AO < AB

AB Ha nmpamyio a

OB — mpoeKIusa HAaKJIOHHOMN

OB — 1mpoeKIus HAKJIOHHOMN
AB Ha TJIOCKOCTBH O

A
B/ ] AB=AC & A
a "o C ||eBO=0C
A
B AB > AC &
. < BO > 0OC
a (0] C

KJIOHHBIE;

Ec/in 13 0HOM TOYKHU K OJHOM MPAMOU (IJIOCKOCTH) IIPOBee-
HBI [IBe HAKJIOHHBIE, TO:
paBHBIE HAKJIOHHBIE NMEIOT PABHEIE MPOEKI[NHN;

€CJIM MPOEeKINY HAKJOHHBIX PABHEI, TO PABHBLI 1 caMH Ha-

OOJbIlIasd HAKJOHHAS MMeeT OOJBIIYIO IPOEKIUIO;
U3 IBYX HAKJIOHHBIX OOJIBIIIE Ta, ¥ KOTOPOH IIPOEKITUA OOJIbIIIe
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Teopema o TpEx nepneHauKynspax

A

(0]
o

OB — mpoeknua AB
HA IJIOCKOCTb O, ¢ — IIpAMAasd
Ha 1Jaockoctu o, OB 1 ¢

= AB 1 ¢

¥ HAKJIOHHOM.

Ecau npaMad Ha NIIOCKOCTH NEePHEHIUKYISIPHA IIPOEKIINU
HaKJOHHOH Ha 3Ty IJIOCKOCTh, TO OHA NEPHEeHIUKYISIPHA

O6parHO: eciiu IpsAMasi Ha IJIOCKOCTH IePIeHIUKYIAPHA Ha-
KJIOHHOII, TO OHA IEePIeHAUKYJIIPHA U IPOEKIIUU IPAMOI

MepneHaUKYNAPHOCTb NJIOCKOCTEN

o TIepeceKaeT 3 mo mps-
MO ¢

Y TIepeceKaeT o IO MPs-
MOH a

Y TIepeceKaer 3 mo mps-
MoO# b

alb,yle

IUKYJIAPHBIM IIPAMBIM

IIBe mepeceKaroecs MIOCKOCTH HA3BIBAIOTCS MEePIEeHIUKY-
JIAPHBIMHM, €CJIN TPEThs IIJIOCKOCTb, IEePIEeHAUKYIApHAA IPs-
MO MX IlepeceueHUsi, TepeceKaeT STU IIJIOCKOCTH II0 IepIIeH-

IIpusHaK MepPHeHINKYIAPHOCTH
IJIOCKOCTEN

CBoiicTBO

Ecnu nmpamas, gexamiasa

B OJHOM TJIOCKOCTHU, IIEPIIEH-
IVUKYJAPHA OPYTOH IIJIOCKO-
CTH, TO 3TU ILJIOCKOCTU IEP-
MeHAUKYJIAPHBL

Ecnu npamas, nexaiasa

B OJTHOUM W3 [ABYX IIEPIEHIU-
KYJAPHBIX IIJIOCKOCTEH, IIep-
IeHAUKYJAdAPHA JUHUU UX
nepeceueHusd, TO OHA Ilep-
NeHAUKYJIAPHA U JPYyTroi
TJIOCKOCTU
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OkoHYyaHue mabauybl

IIpu3HAK MePHeHTUKYIAPHOCTH
IJIOCKOCTEN

CBoiicTBO

Ecnm b 1 o u B npoxozur
yepe3 b, To B L a

Ecnu B L o, p mepecekaer a
moaub L a (b nexur B p),
T0b 1l a

MapannenbHoe NpoeKkTUpoBaHue.
U3006pakeHne NpocTpaHCTBEHHbIX GUryp Ha NIOCKOCTU

A

—_B

\\\ \\\

0 1

\\ \

\ \
V‘
B

a A 1

AA| | BB,. TIpamas AA, nepecekaer o

B TOUKe A, T. €. TOUKa A IPOEKTUpyeTca
B TOUKY A, Ha ILIOCKOCTH Ol

A —>A; B— B; AB—> AB,

q OTpe3oK IPOEKTUPYETCA B OTPE30K

(AB - AB))

IIpu napasniesbHOM IPOEK-
THUPOBAHUY IIapaJlJIeIbHOCTh
OTPE3KOB COXPaHAETCH.

Ecnu AB | CD (AB - AB;
CD - C,D,), To A B, | C,D,

IIpu napaniesbHOM IPOEK-
THUPOBAHUU OTHOIIIEHHE OT-
PE3KOB OMHOM HNPAMOU WJIN
napajjieIbHbIX IIPAMBIX CO-
XpaHAeTca

AC  AC

CB (B,
B

\°1

o
Qo
&

Caencreue

Ecmu C — cepenuna AB, AB — A C; C —» C,, To C, — cepe-
muHa A B,. CepenuHa 0Tpe3Ka IPOCKTUPYETCA B CEPEIUHY OT-

Pe3Ka NpoeKnunu
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5.3. MHororpaHHukKu

Mpuama

IIpusmMa — MHOTOT'PAHHUK, COCTO-
AIUA U3 IIJIOCKUX MHOI'OYT'OJbHY-
KOB, JIEJKAII[MX B PA3HBIX IIJIOCKOCTAX
1 COBMeEIIaeMBbIX IIapaJieIbHbIM IIe-
peHocoM, 1 BCeX OTPE3KOB, COeNUHSI-
IOIAX COOTBETCTBYIOIME TOUKU 9TUX
MHOT'OYT'OJIbHUKOB.

ABCDE un A B,C D E, — ocHOBaHUA
B NIPU3MBI;

AA,, BB, CC,, ... — GOKoOBBIe PEODa;
D ABB A, BB,C,C, ... — GOKOBbIE TDaHU;
AD, — nuaronajb nNpu3Mbl (OTPE3OK,
1 COEIVHAIONNNA IBe BEPIINHBI IPU3MBI,
1] He mpuHamJexalyue OSHOU I'DAHU);

A M 1 (ABC), AM = H — BBICOTa

CeoiicTBa Dopmyasl

1. OcHOBaHMUS TPU3MBI V 1
pPaBHBI. )

2. OcHOBaHUA MIPU3MBI ‘A( 4%

JIEXKAT B IMAPaJIeIbHBIX &
ILJIOCKOCTSAX.

3. BokoBbie pébpa mapaJi-

JIJIBHBL 1 DABHBL. BokoBasa mMOBEPXHOCTh —
4. BoxoBsre rpann — cyMMa ILToInaseil GOKOBBIX
mapaJiieorpaMMbl rpame# win

S,.=P L,

[

rae | — pamHA G0OKOBOTO pe-
6pa; P, — ceueHHe IJIOCKO-
CTBIO, TIEPIEHIUKYIAPHO 6O-
KOBBIM T'DaHAM
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OKoHYaHue madbaulybl

CgoiicTBa DopMyIIBI

ITorHast MOBEPXHOCTh —
cyMMa OOKOBOIT IIOBEPXHO-
CTH W TJIOIaZiell OCHOBAHUMA:
S=8,,t28,,.
0K OCH
00BpéM MpU3MBI

V=S -H
OCH TIPU3MBI
IIpamasa nmpusma
A, D, IIpusma HasBIBaeTCA MpH-
B, C, MOii, eciz e€é OOKOBBIE PEOpa
EePIeHUKYIAPHBI OCHOBA-
A D HUAAM.
B C AA, 1 (ABC), BB, 1 (ABC),
CroiicTBa DopMmyabl
1. BricoTa paBHa G0KOBOMY BokoBas MoBepXHOCTH
peﬁpy S60K = PocH.H’
2. BokoBBI€ TpaHU — IIPA- rge P — mepuMeTp OCHO-

OCH
MOYTOJBHUKU Banusa; H = AA, — BrICOTA.
ITosrHasi MOBEPXHOCTH
S =S_+28

TOJTH GOk OoCH

06Bém
V= SocHAH = SocHAAAl

IIpaBuasHasT MPU3Ma

IIpamas nmpusma Ha3bIBaeTCA MPAaBUIBHOIM, €Ciik €€ OCHOBA-
HUS — IPABUJIbHBIE MHOTOYTOJIbHUKYA

—
// Il \\
/
/// .
TPeyroJib- YeThIPEX- oATU- IIIeCcTu-
Hasd yroJibHAA yroibHAA yrosibHAA
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IImomans 60KOBOIL IIOBEPXHOCTH IMPABUIBHON IIPU3MBbI

SFp — TJIOIIAaAb T'PAHU;
n — KOJUYeCTBO I'paHel;
S; =S, n=aln a — CTOPOHA OCHOBAHUS;

| — pyuHa GOKOBOTO pedpa

Mapannenenunep,

IMapaxnesenunen — mpusMa, B OC-
HOBaHUU KOTOPOI JIEXKUT IapaLiesio-
rpaMm

CeoiicTBa:

1. Bce rpau — mapaJiieiorpaMMBbl.
2. TIpoTuBoJieKAaIIIe TPAHU apaJ-
JIeJIbHBI M PABHBIL.

3. uaroHa/iu mapaJuiejenuniena nepe-
CEeKaIOTCA B OJHOM TOYKE M TOUKOM Ie-
peceueHus NeJIATCA IOIOJIaM.

O — cepenuna A,C, BD,, AC, u B,D.
4. Touka O — IEHTP CUMMETPUH Ma-
paJjLiesenunena

CyMMa KBaJpaToB BCeX NUaroHaJei
mapaJiiesienniiea paBHa CyMMe KBa-
IpaToB ero peodep.
d’+d}?+d}?+d?=4a"+4b*+4c’
CyuiecTByeT Tpu BUa Tapasljiesemni-
esoB:
1. IIpamoit — Bce GOKOBBIE TPAHU TIEP-
TMeHUKYJIAPHBI IJIOCKOCTSAM OCHOBA-
HUI, OCHOBAHUSA — TapajjIeIorPaMMBbI.
2. IIpaMoyTroabHBIH — Bce GOKOBbBIE
TPaHU U OCHOBAHUS — MPAMOYTOJIb-
HUKH.
3. HakoHHBII — GOKOBBIE TPaHU HE
TePIeHUKYIIPHBI OCHOBAHUAM, BCE
IIeCTh TPaHell — ImapaJjieJloTPaMMBbI.
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Ky6

\ Ky6 — mpAMOyrosbHBIN mapajijiesenuesn,
Yy KOTOpOTo Bce PEGpPA paBHHI.
\ CroiicTBO
af N Bce 6okoBbIe TpaHU — KBaJpaThl.
Dopmyasr

1. Iuaronanb: d = a3

. — 2. — 2

2. Ilnomans: Sm = 4a?; SmlH = 6a

48

3V3

3. 00péM: V=a’umu V =

Mupamunpa

ITupaMugoii Ha3kIBAeTCs MHOTOTPAHHUK,
KOTOPBIHA COCTOUT U3 IIJIOCKOTO MHOTO-

D | YyrompHHKA (oCHOBaHUS MUPAMUIBI), TOU-
KU, He JieKalllell B IJIOCKOCTU OCHOBAaHUS
(BepIINHBI TUPAMUALI), U BCEX OTPE3KOB,
B C COeIMHSAIONNX BEePIINHY IUPaMULLI C Bep-
MIMHAMUA OCHOBaHUSA

ABCD — ocHOBaHUe MUPAMUIbI;

S — BepIINHA TUPAMULLI;

SA, SB, SC, SD — 6oKoBbIe pébpa;

AASB, ABSC, ACSD, AASD — 60oKOBBIe I'panu

S BeicoTa mupaMuabl — IIEePHIEHIUKYJLAD,
OIYINeHHBIN M3 BEPIINHBLI INPAMULLI HA
p | mrockocTs ocHoBaHHMA.

SO — BBICOTA TTUPAMUIBI;

A SO = H (SO | (ABCD)).
C
B anlp = lSocn -H
3
SGOKA oup. = SADASB + SADBSC + SADCSD + SADASD

S = Sﬁox + SOCH

IOJH. IUp.
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MpaBunbHas nupamuaa

HI/IpaMI/IHa Has3bIBaeTCA IIpaB]([JILHOﬁ, ecau eé OCHOBaHUEM
ABJISAETCA HpaBPIJILHBIfI MHOTI'OYI'OJIBHUK, & OCHOBaHUE€ BBICOTEI
coBIIagaeT C IeHTPOM 3TOI'O0 MHOTI'OYTOJIbHUKA

Helco'ropme BUABI IPABUJIBHBIX IMUPAMHUI

Tpeyroasnas

AABC — mpaBUJIBHBIN;

O — TOYKa IepeceyeHUss MeauaH
(BBICOT U OMCCEKTPHUC), IIEHTP BIUCAH-
HOUW W ONMMMCAHHOU OKPYKHOCTEN

YeTtsIipéxyroapHasa
ABCD — xBafpar;
O — TOUKa IepeceyeHuUs AuaroHasein

ITecTuyroasHasa
ABCDEF — npaBUJIbHBIN IIIECTUY-
TOJILHUK;

O — TOUKa IepeceyeHUs: AuaroHajein
AD, BE u FC

SO — BrIcoTa mpaBuibHOI nupamungs: (SO L (ABC);

O — I1IeHTD OCHOBAHWUS;

SM — anodema nmpaBunabHO nupamuasl (SM L BC) (BicoTa
OOKOBOI I'paHU)
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CroiicTBa

DopmyJIbI

1. BokoBble pédpa paBHEI,
OAMHAKOBO HAKJOHEHBI

K IIJIOCKOCTY OCHOBAHUS.
SA=SB=SC-=..; ZSAO =
= ZSBO = ZSCO = ...

2. BokoBbIe TpaHU — pPaB-
HbIe APYT IPYry paBHOOE-
[IPEHHbIE TPEYTOJbHUKN.
AASB = ABSC = ...
AnodeMbl paBHBI U HaKJIO-
HeHbI K IJIOCKOCTH OCHOBA-
HUS [OJ OTHUM YIJIOM

IInomanp 6OKOBOI MOBEPX-
HOCTHU
S, :lP -SM:lP A

00K 2 OCH 2 OCH
rae | — amodema
WIn

S,

OCH

6ok

~ cos 0 ’
rge (¢ — yroJ HakJIOHa 0o-
KOBO# I'paHU K IJIOCKOCTU
ocHOBaHUA, ¢ = LSMO
ILromaap MOJIHONM MOBEPX-
HOCTH

S = S0 TS0

oJIH

06Bém
\74 :ls - H,

nup 3 OCH

H = SO, H — BwICOTa THU-
pamMubL

MonoxeHne BbiCOTbI B HEKOTOPbIX BUAAX NUupamug,

S
4

1. Ecau B nupamupe:
a) Bce OOKOBBIE PEOPaA pPaBHBI

C 0) Bce OOKOBBIE pPEOpa COCTABISAIOT
OINHAKOBBIE YIJIBI C IIJIOCKOCTHIO OCHO-
BaHUA

B) OOKOBBIE pé0Opa COCTaBJISAIOT OJMHA-
KOBBI€ YIVIBI C BHICOTOI MUPAMUIBI,
TO BBICOTA IMPOXOIMUT Yepes IEeHTP
OKPY?KHOCTH, ONIMCAHHON OKO0JI0 OCHO-
BaHUA

nian

nian

Hpumeuanue: BBICOTA IMUPpaMKUAbI MOMET pacroJiaraTbCsa BHYTPU
nupaMuabl, Ha GOKOBOI I'PaHU WJIN BHE MUpPaMUIbI, B 3aBUCUMO-
CTH OT pa3dMelleHudA IIeHTpa OIMCaHHOM OKPYM¥HHOCTHU.

OKoJI0 TaKoi nupamMuabl MOJXHO OIlCaTh KOHYC
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OkoHyaHue mabaulybt

S 2. Ecnu B nmupamume:
a) Bce ABYrpPaHHBbIE YIJIbI TP OCHOBA-
HUU PaBHBI

niu
C 0) BCe BHICOTHI OOKOBBIX I'DaHeil PaBHBI
A A ‘ Iy wiau
N B) BBICOTA COCTABJIAET OJMHAKOBBIE
B YIJIBI C IJIOCKOCTAMY GOKOBBIX TpaHeil,

TO BBICOTA IMPOXOTUT Uepe3 LEeHTP
OKPY’KHOCTH, BIMCAHHOW B OCHOBaHUE

B rakyro nupamMuay MOKHO BIIKMCATH KOHYC.

ILnomangk 6GOKOBOU ITOBEPXHOCTU MUPAMUILI, B KOTOPOU Bce
JABYTPAHHBIE YIJIBI IIPM OCHOBAHUU PAaBHBI O, MOXKHO BBIUNC-
JATHh o opmyJie:

S 3. Eciu onHa GoKoBas rpaHb
MUPaMULbl IePUeHANKYISAPHA
IIJIOCKOCTH OCHOBAHHUA, TO BBICOTOM
A mUpaMHuAbI OyIeT BHICOTA ITOM
o TpaHu.

¢ Ecou 8 SABC (SAC | (ABC)
u SO L AC (O € AC),
T0 SO — BBICOTA TUPAMUMIEI,
SO 1 (ABC)

S 4. Ecau gBe cMe:kHBI€ 0OKOBBIE I'DAHU
TMEePIeHUKYIAPHBI IIJIOCKOCTH OCHOBA-
HUS, TO BBICOTOM MUPAMUIBI OyAeT UX
o0mee 60KOBOe pedpo.

Ecau (SAB) | (ABC) u (SAC) 1 (ABC),
c 10 SA — BBICOTA IMPAMUEI

SA 1 (ABC)
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YceuéHHasa nupamupa

O6pasoBaHue yCe4éHHON mupa-
MHUIBL

Ecnu 3agana nmupamuga SABC
u IpoBefieHa maockocts A, B C,,
napaJjiesbHasd OCHOBAHUIO IIH-
pamuns! ((4,B,C)) | (ABC)), To
9Ta IJIOCKOCTHb OTCEKAeT OT 3a-
IaHHOM MUpaMuIbl MTUPaMULY
SA,B,C,, mono0Hy0 JaHHOI.
(C Koa(puimenToM mOLOOUST

SA AB

Ipyras JyacTb 3alaHHON MUPAMUABI — MHOTOIDAHHUK
ABCA,B,C, — Ha3bpIBaeTCA yCeYEHHON MUPaMuIoi.
I'panu ABC u A,B,C, — ocnosanus ((ABC) [ (A,B,C))).
Tpamenuu ABB A, BCC,B,, ACC/A, — 00KOBbBIe TDaHH.

A, C, BsicoToil yceuéHHOM mUpaMubl
q Ha3bIBAETCA PACCTOAHUE MEMKIY
C MIJIOCKOCTAMU €€ OCHOBAHUMU.
A A0 1 (ABC);
A 0 =H — BrIcoTa
= 1gH(s1 +8,+ 3152),

yced. nup.

rae S,, S, — mJoIanyu OCHOBA-
HUMI

IInomamgp TOBEPXHOCTU yYCEUEH-
HOI mMUpaMUALI paBHA CyMMe
IJIOIAZIel OCHOBAHMUI U OOKO-
BOII TIOBEPXHOCTHU:

S oms = S 1S, + S,
IIpaBunsHasa yceuéHHAA mHUpa-
MUga — yCeu€éHHad NupamMuma,
SABJIAIOIIAACA YaCTHIO IPABUJIb-
HOM MUpPaMUIBI.

Amnogema — BrICOTA GOKOBOM
rpaHu.

MN 1L ADu MN 1L AD,.
MN — anogema
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Ilnomaaps GOKOBO¥ MOBEPXHOCTH
IPAaBUJIBHON YCEUEHHOH MUPAMUIBI

1
ok ZE(PI-I—I:’Z)Z’
P, u P, — mepumeTpsl
OCHOBaHWUIA;
| — amodema

_5 -5
6ok cos ¢
S, u S, — nJomaau OCHOBaHUI;
(p — yToJI HaKJIOHa OOKOBOM

rpaHu K OOJIbIIIeMY OCHOBAHUIIO

CeyeHusd Ky6a, Nnpu3ambl, NTUpaMuabl

N

Cekymiasi IJIOCKOCTH T'eoMe-
TPHUUYECKOTO TeJIa — DTO JIO-
0as IIJIOCKOCTh, II0 00e CTO-
POHBI OT KOTOPO — TOUKHN
ITaHHOT'O Teja.

CeueHue reoMeTpU4YECKOro
Tena — (UIrypa, COCTaBJIEH-
HasA OOIMMHU TOYKAMMU Ce-
KYIIed IJIOCKOCTH U JaHHO-
ro Tejia

Metoasr mocTpoeHusa
CeuYeHUI:

a) MeToJ CJeOB;

0) MeToJ BHyTPEHHETO IIPo-
eKTUPOBAHUS;

B) METOJl IepeHoca CeKyIIei
ILJIOCKOCTHU

Cekyniasi III0CKOCTh MOJKET

OBITH 3aJaHAa:

a) TpeMs TOUKaMU, He JerKa-
MIIMHJ Ha OJHOU MPAMOIA;

0) IpAMOIT M TOUKOMU, He Jie-

JKallel Ha Hell;

B) IBYMs II€PECEKAIOIUMUCT
HPAMBIMU

Metox caemos

KyIeil mJIOCKOCTHU).

rOrpaHHUKA

1. B mIocKocTy HUKHETO OCHOBaHUA (MHOTAA B HEKOTOPOI
IPYTO#) IOCTPOUTH CaeNbI (JIMHUM U TOUKU IIePEeceYeHUusd ce-

2. C mOMOIITbIO0 9TUX CJENO0B BHITOJHUTH IIOCTPOEHUE TOUEK
epecevyeHns CeKyIleld IIOCKOCTU ¢ peGpoOM MHOTOTDAHHUKA
U JIVHUEHN IepeceueHusa CeKYIel MI0OCKOCTY C TPAHSIMM MHO-




196

Pasden 5. leomempus

I'Ipanmbele MHOrorpaHHmMKu

IIpaBuJIBHBIN BBIMYKJBIH MHOTOTPAHHUK — BBIIYKJIBIH MHO-
TOTPAHHUK, I'PAHU KOTOPOTO — IIPABUJIbHBIE MHOTOYTOJIbHU-
KU C OOUHAKOBBIM KOJIWYECTBOM CTOPOH, K KaKJOU BEpIINHE
CXOIUTCA OAUHAKOBOE KOJIMUECTBO pEbdep

BEPIIUH
rpaHei
pEGep

IIpaBuabHBINI
TeTpasap
(u4eTBIPEXTPAHHUK)

b

* | Kois-BoO
» | Koi-BO
o | KoJs-Bo

Texcasap
(1recTUrpaHHUK),
Ky0

/
/
/

OxTasap
(BOCBEMUTPAHHUK)

X

NS

Wkocasnp (nBasna-
TUTPAHHUK)

20 12 30

Honexasap (nBeHam-
IATUTPAHHUK)

L/
%

12 20 30
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5.4. Tena n NOBepxHOCTU BpaLLEeHUd

UwnuHap

IInaueap (KPyroBoi MUJIUHAP) — TEJIO,
cocTosIee U3 ABYX KPYroB, He JIeyKa-
IUX B OJHOU MJIOCKOCTU M COBMeEIIae-
MBIX IIapajijieJIbHBIM II€PEeHOCOM, M BCeEX
OTPE3KOB, COEUHSIONNX COOTBETCTBYIO-
e TOYKYU OKPYIKHOCTEH, JIeMKaIux

B OCHOBAHUAX IMUJIMHAPOB.

OcHoBaHMSA MUJINHIPA — KPYTH.
Oo0pasywimue — OTPe3KU, COeTUHAIOIe
TOYKU OKPY KHOCTEI.

AA,, BB, — obpagytomue

CBoiicTBa

DopmyIbr

1. OcHoBaHUA ITUIVHAPA
PaBHBI U MapaJlJIeIbHBIL.
AO=0A =R

(40B) [ (4,0,B))

2. Obpasyrorue UJIXHIPA
PaBHBI U IapaJlJIeIbHBIL.
AA, || BB,; AA, = BB,

3. BeicoTa nuianHApa paBHA
o0pasyoIiei.

H  =AA =00,

oc;

ITpu BpareHNY IPAMOYTOJIb-
HUKA OKOJIO €r0 CTOPOHBI KaK
ocu obpasyeTcs IUJINHID

Ilnomaas OCHOBAHUS
S =nR?

OCH.

IInomanp 60KOBOI MOBEPX-
HOCTH
S,.. = 2nRH

[0
IInomaaxp MOJIHONM MOBEPX-

HOCTH
S = Sﬁox + 2Soc}1

TIOJTH

S....= 2nR(H+R)
00Bém
V= Som'H

V = nR*H

OMM O, — IpAMOYTONbHUK
00, — ocp nUIMHADA.
R_=O0M=0M,

H. =MM, =00,

um
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ITpodonnxernue mabauybt

CaoiicTBa DopmyIbL
PasBépTra nmuauHapa
R
1
2R H

BaHUA IUJIUHAPA)

9

PasBéprra muaumHIpa — NPSAMOYTOJbHHMK CO cTOpoHaMu 2nR
u H (6okoBas IIOBEPXHOCTH) U ABa Kpyra pazumycamu R (ocHo-

Ceuenue IMUWINHIPA IIJIOCKOCTAMMU

OceBoe ceueHue

CeueHne IIOCKOCTHIO,
mapaJjieabHOi OCH

ABCD — oceBoe ceueHue
(ceueHne, IpoOXOosINee Ue-
pes ock 00,).

ABCD — mnpAaMOYTOJBHUK.
AD=d  =2R
AB=CD=H_,

AB u CD — o0Gpasyroriue

(KLMN) | 00,

KLMN — npaMOyroJibHUK.
KL u MN — o0GpasyIiue.
KL=H

KN — xoppa.

OA — paccrosanue

OT OCHOBAHUA BBICOTHI

o xopasl NK
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OkoHYyaHue madbaulbl

Ceuenne ILIIOCKOCTBIO,
HapaJIJIeJILHOﬂ OCHOBAaHHMIO

KacateinpHast III0CKOCTH

IlnockocTs, mapasieabHAS
OCHOBaHWUIO, TIepeceraeT 60-
KOBYIO IIOBEPXHOCTHh IIUJINH-
Ipa II0 OKPYKHOCTU, PABHOM
OKPYXHOCTU OCHOBAHUS:

R q = ROCH

ce

KacarenpHas miI0OCKOCTh —
ILJIOCKOCTD, IIPOXOSAINAA Ue-
pe3 o0pasyIoIIyio u mep-
MEeHINKYISIPHAA ILJIOCKOCTH
OCEBOT'0 CEUEHUS, IIPOXOIsI-
IIero uepes Ty 00pasyro-
my?io.
o — KacaTeJIbHASA ILJIO-
CKOCTb.
AB — o0pagyroIas, o Ipo-
xonutT uepes AB.

o 1 (AOO,B)

KoHyc

Konyc (Kpyrosoii KOHyC) — TeJIO0, COCTOS-
1ee U3 Kpyra, TOUKHU, He JIeyKAI[el B ILIO0-
CKOCTH 9TOT'O KPyra, U BCEX OTPE3KOB, CO-
eIUHSAOIINX 3aJaHHYI0 TOUKY C TOUYKAMU
OKPYIKHOCTU OCHOBAHMUS.

OcHoBanue KOHyca — KDPYyT,

T. S — BepIIKHA KOHycCA.

SA u SB — o6paaymIiue

(oTpesKu, CoOeqUHSION[MEe BEPIINHY C TOY-
KaM¥u OKPYKHOCTU OCHOBAHUS)
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ITpodonsxernue mabauybt

CeoiicTBa DopmyIbl
1. OGpasymoIue KOHyca paB- Ilromaags ocHOBAHMSA
HBI: S, = nR?
SA =SB = .. IImomags 60KOBOIL MOBEPX-
2. H =80 SO 1l (AOB) HOCTH
S, =Rl
IIromaap MOJIHOM MOBEPX-
HOCTH
Srlom{ = Sﬁox oc
S .= nTR(I+R)
00BéMm
1
Kom gsocn “H
1
Viow = gnR -H

IIpu BpallleHUY TPAMOYTOJBHOTO TPEYTOJbHUKA
OKOJIO ero KaTeTa Kak ocu obpasyercs KOHYC.
AAOS — TIPSIMOYTOJIbHBIN.

SO — ock cummerpun, AS — oOpasyroIas.

R _=AO0; H =8S0;AS=1

KO

PasBéprra KoHyCa

S 4, PasBépTra KOHYCa cocTo-
uT u3 cekropa SAA,, panu-
yC KOTOPOTO pPaBeH obpa-
3yrollieil KoHyca, JJInHa
IYyTU — OJINHE OKPYIKHOCTU

OCHOBaHUS.
A SA = SA, =1; VAA = 2rR
S ZASA, =B — yrox B pas-

N BEPTKe KOHyca.

/ASB = o — yroJ 1pu Bep-
IIHE OCEBOT0 CEeYeHU,

B= 2nsing; o = 2arcsin —
2 2n
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OkoHYyaHue madbaulbl

Ceuenue KOHYCaA IIJIOCKOCTAMHU

OceBoe ceueHne

Ceuenmne, mpoxopsinee yepes
BepPUINHY

ASAB — oceBoe ceueHUe
(mpoxoaut yepes och SO).
ASAB — paBHOOeIpPEH-
HBIH.

SA =SB =1 — ob6paasy-
IOII[e

S

AASC — paBHOOEIpPEHHBIH.
AS = SC = | — obGpagyrotiue.
AC — xopma, OA=0C =R
OD — paccrossHHEe OT OCHOBA-
HUSA BBICOTHI 10 Xopabl AC.
OD?* = AO?-AD?

CeueHne IIOCKOCTHIO,
MapaJjuleIbHO OCHOBAHUIO

KacarenpHast IIOCKOCTH

ILmockocThb, mapajierbHast
OCHOBaHUIO, IepeceKa-

eT KOHYC II0 Kpyry, a 6o-
KOBYIO IIOBEPXHOCTb —

110 OKPY?KHOCTHU C IEHTPOM
Ha ocU KOHyca.

Teew _ SO,

R SO

KOH

KacaTenpHasi IIOCKOCTh — 3TO
ILJIOCKOCTb, IIPOXOAAIIas Yyepes
00pasy oIy KOHYCA IePIeH M-
KYJIADHO OCEBOMY CEUYEHUIO, CO-
IepsKalemMy 9Ty o0pasymoIyio.
0. — KacareJbHas IJIOCKOCTD.
SA — obpaayrolias, o IPoXo-
IuT dyepesd SA

o L (SAO)
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YCceuyEHHbIN KOHYC

Y ceuéHHBII KOHYC — YacTh
KOHYyCa, 3aKJIOUEHHAA MEX-
Iy €T0 OCHOBAHUEM U CEKY-
el IIJIOCKOCTBIO, IIapaJi-
JIeJILHOY OCHOBAHUIO.
OcHOBaHUA — KPYTU C II€H-
tpamu O u O,.

I — obpasyromasna, AA, = L.
OA=RuOA, =r — pagny-
CBbI OCHOBAHUH

Dopmyrsr

IInomanp 60KOBOI MOBEPX-
HOCTH

S, = WR+r)l
IIromanp MOJIHOM MOBEPX-

HOCTH
S o = Soox TS 100 TS 00
00BéM
OceBoe ceueHre — PaBHO0OO- v o= lnH(RZ + Rr+ rz)
Kad Tpanenusd. yE- 3
MKNT — oceBoe ceueHue. R u r — paguychl HUKHETO
MT || KN u MK = TN U BepPXHEro OCHOBAaHWIA;
MT = 2r; KN = 2R | — oOpasyorras
00, L KN
00,=H

IIpu BpamieHuu IpPAMO-
YTOJIBHOM Tpamenuu 0KO0JIO
ocu, IIPOXOJAIIeN uepes
MEHBIITYI0 O0OKOBYIO CTOPOHY,
IePIeHANKYIAPHYIO OCHOBA-
HUAM, 00pasyeTcs ycedeH-
HBIII KOHYC
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OkoHYyaHue madbaulbl

Pa3BépTKa yceuéHHOro KOHyca

JlBa Kpyra — BepxHee U HIK-
Hee OCHOBAHUS pajuycamu r
u R; yacTb KoJibIla — OOKO-
Bas IOBEPXHOCTH

Lap u chepa

IlTap — Tesno, cocrosiiee us
BCEX TOUEK IIPOCTPAHCTBA,
HAXOOAINXCA Ha PACCTOS-
HHUU, He OOJIbIIIEM ITAaHHOI'O
(R) ot mamuoi Touku (0O).

O — uentp mapa; OB — pa-
IUyC Imapa:

OB = R.

IITap mosyuaercs: mpu Bpa-
I[eHUN MOJYKPYra BOKPYT
ero auamerpa.

00BéM mapa

vV, = 4R
3

Cdepa — Tesno, KoTOpPOE CO-
CTOUT U3 BCEX TOYEK IIPO-
CTPaHCTBA, HAXOAAINXCA Ha
nanHoM paccrosHuu (R) or
nauHOI Touku (O).

O — 1eHTp chepsl.

OA — pazgwmyc chepsr, AO = R
IIpu BpaleHUU IONYOKPYIK-
HOCTHU BOKPYT €€ amaMeTpa
noaydaeM cdepy.

ILomaap MOBEPXHOCTH
cdepsr
S = 4nR?
[
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OkoHYyaHue mabauybl

Ceuenne mapa ILIOCKOCTHIO

O — 1meHTp IIapa,
O, — LeHTD KpyTra CeueHus:
00, 1 B

Bcsakoe ceuenue mapa
ILJIOCKOCTBHIO €CTh KPYT.
IlenTp aToro Kpyra — OCHO-
BaHUe MePIeHINKY -

pa, OMMYIIeHHOro U3 IEeHTpa
mapa Ha CeKYIIYIO ILIOC-
KOCTb.

U3 AOO A:

2 2
Rceq = Ry Rmapa - OOl

Boasmioit kpyr

Ceuenne ABYMSA IVIOCKOCTAMHA

Boabsmioit Kpyr — ceueHme
mapa, IpoxoAAIee yepes
IEHTD.

R =R

ceq mapa

00, Lam00, 1

r, ¥ r, — Pajuycsl KPyroB
CeueHus.

00,=00,<r =r,
00,<00,< r >r,
00,>00, < r <r,

OA 1L a
KacarenpHas miI0CKOCTH

K IIapy — 9TO IIJIOCKOCTb,
IPOXOAAIIAA Uepe3 TOUKY
cepsl, mepHeHAUKYJIApHAA
K paguycy, IPOBEIEHHOMY

B 9Ty TOUKY

KacarenpHas Kk mapy — 3To
npsiMasi, JiesKalasi B Kaca-
TEeJIBLHOM IJIOCKOCTU U IIPO-
XOZAIIAA Yepe3 TOUKY Ka-
CcaHudg.

OA 1l o;0A La;acea
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Yactun wapa

IlTapoBoii cermeHT — YacTh IIapa,
KOTOPYIO OTCEKAeT CeKyIas ILIO-
CKOCTb.

IlmockocTs mesuT mIap Ha ABa Cer-
MeHTAa.

AB = H, — BBICOTa MEHBIIIETO CeT-
MeHTAa.

BC = H, — BBICOTa BOJIBIIIETO Cer-
MeHTA.

OcHoBHbIE (hopMYyITBI

Ilnomaas GOKOBOM IIOBEPXHOCTH:
S. = 2nRH.

[483
Ilnomans MOJTHOIN TOBEPXHOCTHU:
S =nHM4R-H)

TOJIH

06bém: V. = mH? (R - E}

cerm 3

IllapoBoii cekTOp — TEJI0, OTPaHU-
yeHHOE cheprUecKoil MOBEPXHOCTHIO
IIIapPOBOTO CerMeHTa U ODOKOBOII I10-
BEPXHOCTHIO KOHYCA, KOTOPOE UMe-
eT o0Illee OCHOBAHUE C CETMEHTOM
U BEPIIUHY B I[eHTPe KOHYyca.
OcHoBHbIE (hOPMYITBI
Ilmomiaas MOJTHOI TTOBEPXHOCTHU:

S,om = TR(2H + JH@R - H))

O6mém: V,, = gnRzH

\R-H| H

Hpumeuanue: ecJn H.IapOBOﬁ CerMeHT MeHbIle IIoJyIliapa, TO
AJIA IIOJIYUYEeHHA IIIapoBOI'0 CEKTOpa ero AOIIOJHAKT KOHYCOM,
a ecyu OoJbIIIe moJsynmiapa, ToO KOHYC yaaJdioT

IllapoBoii coii — yacTh mapa
MEXKIy OBYMS MapaliebHBIMU Ce-
KYIITUMHU IIJIOCKOCTSAMU.

H — paccrosgHue MeXXIy CeKyIIu-
MU TLJIOCKOCTSAMU;

R, v R, — pajguychl OCHOBaHUM’
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OkoHYyaHue mabaulybt

OcHoBHEIE (hOPMYJITBI
ITnomans Gorosoit mosepxuocTu: S, = 2nRH; R — paanyc
mapa.

Ilnomane moJaHOM MOBEPXHOCTU: S = m(2RH + Rf + Rzz).

TIOJTH

06béM: V = %(3135 +3R; + H?)

5.5. UamepeHne reomeTpmnyecknx BeJINYUH

Yron. BennuuHa yrna, rpagycHasa mepa yrna

A m Yrox — durypa,
COCTOAIIAS U3 TOU-
KU — BePIIUHBI
yria, u IBYX pas-

B n JUYHBIX JIy4e, I:Ic—
C XOOAIUX U3 TON
TOYKU
Z/ABC Z(m, n)

1 ..
Vrasl usmepsaOT B rpagycax. 1° = 130 PasBEPHYTOTO yrJa

Bunsr yriios

A IPAMOi TYIOM
o= B> 90
90° p
=90° = T pan
B c 2
. a3BEPHYTHIN
ocrpuin I;AOszyISOO
o < 90°
180°
. A [\ B
0]
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Ayra
Ilyra — 4acTh OKPYKHOCTUA MEKIY IBY-
MsI TOYKaAMHU.
I'pagycuasa mepa myru — rpaaycuas
8\ Mepa COOTBETCTBYIOIIErO IIeHTPAJIBLHOTO
yria.
nR
B auHa gyru 1°: L. =
A a he = 1500
nRn°
Onunaa nyru n°: [, =
" 180°

Yrnbl B npocTpaHCcTBe

Yo MexIy NPAMOMA M IJIOCKOCTHIO

A VYros Mexay IpAMOI M IIepeceKaroniein eé
MJIOCKOCTBIO — 9TO YIOJI MEXKIY IIPAMOM

U €€ IIPOEKIMEN Ha IJIOCKOCTh.

/ABO — yron mMexxay npsamoit AB u mJoc-
/ KOCTBIO Ol

(BO — mpoexnusa AB Ha o, AO 1 o)

Oco0sble cayuaun

(03

alloe La;a)=0 al oo La; a)=90°

1
o
|

Yroa mexxy

IJIOCKOCTAMM (IBYTPAHHBIN yIo0JI)

YTos MeIy IMIOCKOCTSIMH O U 3, IIe-
PeCceKanIMuMuUCA M0 IIPAMOU ¢, HA3bI-
BaeTcd YIJIOM MeXJy MPAMBIMU, 110
KOTOPBIM TPETHS IIJIOCKOCTH Y, IIePIIeH-
OIUKyJIIpHas UX JUHUU IepecevueHusd,
TIepeceKaeT IJIOCKOCTH O U 3.

/ABC — yroj MeXAy ILJIOCKOCTSIMU
oauf, r.e. AB L c; BCLlc; AB C a;
BCcp
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OkoHyaHue mabaulybt

Yroa mMexay napajjieJbHbIMU
IJIOCKOCTSAMH paBeH 0°.
L B)=0=alp

JIByrpanHslii yrox — durypa,
00pa3oBaHHAA ABYMS IIOJIYILJIOCKOCTSI-
MU ¢ O0I[ell OrpaHUYMUBAIOIIEN X
IPSIMOM.

o u 3 — rpaHu ABYTPAHHOIO yIJa,

¢ — pebpo ABYrpPaHHOrO yrja

AM 1l ¢, BM 1 ¢, AM c a, MB c B.
LAMB = ¢ — NIUHEUHBIN yToJ IBY-
TPAHHOTO yIJia

CBoiicTBa

IlnockocTh JUHENHOTO yIJIa IMepIeHAuKYIIpHa KaxKI0i rpa-
HU ABYTPAHHOIO yIJja.

(AMB) L o u (AMB) L B

YToo MekAy CKpPeuBarOIHMICS

IPSAMBIMU

Yroa Mesxay CKpelMBarIMMHUC IPs-
MBIMHM — 3TO yI‘OJI Me)K,Z[y HpHMLIMI/I,
KOTOpPBIE IepeceKaloTcs U Mapalielb-
HBI JAHHBIM CKPEIUBAIOIMMCS.
alla;bllb; Za; b)=Za;b)=0

0° < <90°

Ecau yron Mmexay CKpelniuBapIUMUCA OpAMbBIME paBeH 90°,
TO OHUW Ha3bIBAIOTCSA NMEePIeHIANKYIAPHBIMHA

AnuvHa oTpeska, IOMaHOM, OKPY>XHOCTH,
nepuMmeTp MHOrOyroJsibHuKa

A

K

B

OTpes3ok — uYacTh IPAMOI, KOTOPaAsA
COCTOUT M3 BCEX TOUEK DTOU MPAMOI,
JIeMKAIUX MEXKIY ABYMSA €€ TOUKa-
MU — KOHIIAMU OTpPe3Ka

209
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OkoHYyaHue madbaulbl

JdauHa oTpe3ka paBHa CyMMe [JIUH yacTeil, HA KOTOpPbIE OT-
pes3oK pasduBaeTcs JII000H ero TOUKOM:
AB =AK+KB

B Jlomanas — reomerpuueckas durypa,
COCTOSAINAS U3 TOUEK, He JIeXKAIINX Ha
A C D OIHOU IMPAMOI (BEPUINH), COEJUHEH-
HBIX OTPe3KaMU (3BEHBSIMM).

E JlauHa JIoMaHO#W paBHA CyMMe IJIUH
€€ 3BeHbEeB

A, MHOTOYTOJBHUE — TIPOCTAsA BaAMKHY-
A, Tad JIOMaHAas, COCeJHIE 3BEHbS KOTO-
A 4 POIi He JIeXKaT Ha OJHOU MPAMOM.
MHOI‘OyI‘OJIBHHK Ha3bIBaeTCA BBIIIYK-
1 JIBIM, €CJIM KaiKJad U3 ero JuaroHa-

JIeHl JIeXKUT BHYTPU MHOTOYTOJIbHUKA

Yucao puaroHajeil BBIMYKJIOTO MHOTOYTOJIbHHUKA
n(n —3)
n,=——5,
2
n — YHCJIO CTOPOH MHOTOYTOJbHHUKA.
IlepumeTp MHOTrOYroJIbHHKA PAaBEH CyMMe JJINH €T0 CTOPOH:

P =AA+AA+..tA A

D OKpy#HOCTh — (PUIyPa, COCTOALIAA
N U3 BCEX TOYEK ILIOCKOCTH, PABHO-

‘ YAAIEHHBIX OT HAHHOW TOYKU (I[eH-
A | 1pa).

OA = R — paguyec.

MN =D = 2R — puamerp.
CD — xopga.

UAN, VAM — pyru

JaMHA OKPYKHOCTH:

C = 2nR,
rage R — paguyc; 4mcJio T — OTHOIIEHWEe JJIWHBI OKPYIKHOCTH
K AuaMerpy:

n=£z3,14
2R
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PaccTosiHne B npocTpaHcTBe

PaccrosiHue OT TOYKH J0 INIOCKOCTH (P — paccrosHue)
A PaccTrosiHHe OT TOUKM /10 MJIOCKOCTH —
3TO IJINHA MEePIeHAUKYJIAPA, OMYII[eHHOTO
U3 9TOI TOUKU HA IJIOCKOCTH
o A
Croco0bI MOCTPOEHUA
K IIpoBecTn
KP 1 a
(P € o).
o« P KP = p(K; )
A C AB 1 a
IIpoBectnu
CD | AB = CD 1 a.
B¢ D CD = p(c; o)
a
IIpoBectu B L o uepes ToU-
A Ky M (B mepecekaer o mo AB).
IIpoBecTn
4 MN | AB = MN 1 o.
MN = p(N; o)
B
YJacTubre CJIyuyal HAXOXKIAEHUA PACCTOAHUS
OT TOYKM [0 IIOCKOCTH (IO IPAMOIL)
S CBoiicTBO TOYKH,
\ PaBHOYTAJEHHOMH OT BCeX
”( A BepIIMH MHOTOYTOJbHHKA
|
\« Ecau Touka BHe miockocTHu
MHOTOYT'OJIbHUKA pPaBHOYJA-
SO — paccTossHHE OT TOU- JieHa OT BCeX ero BepHIuH, TO
KU 10 IIJIOCKOCTYU MHOI'O- OCHOBaHNE IIEPIIEHAUKYJIAPA,
YTOJBLHUKA; OPOBENEHHOr0 U3 9TOW TOUKU
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OkoHYyaHue madbaulbl

OA = R — paauyc
OIMCAHHON OKPY’KHOCTH;
SA — paccTosiHEE OT TOU-
KM 10 BEPIITUHBI MHOTO-
YTrOJBHUKA

K IIJIOCKOCTH MHOTOYTOJIbHUKA,
SIBJIAETCA I[EHTPOM OKPYIKHO-
CTH, OIIMCAHHOM OKOJIO MHOI'O-
YTroJbHUKA

\
(e
Q(

SO — paccTrosgHMNEe OT TOY-
KU [0 ILIOCKOCTH MHOTO-
YTOJNBLHUKA;

AO = r — paguyc OKpyK-
HOCTU, BOMCAHHON B MHO-
TOYTOJIbHUK

CBolicTBO TOUKH, PABHO-
YIaJEHHONH OT CTOPOH MHOTO-
YTOJBHHUKA

Eciu Touka BHE ILJIOCKOCTU
MHOTOYTOJIbHUKA paBHOYyJA-
JIeHa OT ero CTOPOH, TO OCHO-
BaHUe MePIeHANKYJIapa, Ipo-
BEIEHHOIO U3 9TOH TOUKU

K IIJIOCKOCTH MHOTOYTOJIbHU-
Ka, ABJIAETCA IEHTPOM OKPY:K-
HOCTH, BIIMCAHHON B MHOTO-
YTOJIbHUK.

SA — paccToAHHE OT TOYKHU 1O
CTOPOHBI MHOT'OYTI'OJIBHUKA

Paccrosnue MeXay nmapaJjajaeabHbIMU l'lpﬂMOﬁ
H IIJIOCKOCTBIO

A BreiOpaTs Ha OpAMOU a IPOU3BOJILHYIO

TOUKY A U HAWTU PACCTOSHUE OT ITOU
TOUYKHU IO ILIOCKOCTH Ol.

A ala,Aeca

pla; o) = p(4; a) = AA,

Paccrosanue MeXay mapajajdeadbHbIMHU ILJIOCKOCTAMMU

b

=
5]

Bri6paTh B IIJIOCKOCTH TPOU3BOJBHYIO TOY-
Ky A ¥ HaWTU paccTossHUE OT TOYKU A 10
ILJIOCKOCTH f3.

allB,Aca

pla; B) = p(4; B) = AB
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Paccrossaue MeXay CKpeluBarIIuMUCI

IIPAMBIMMU

PaccrosiHUEe MeKIy CKPeNIUBAIOIIMMUCS
MPAMBIMUA — 3TO JJIHA OOIIEro IepreH-
JUKYJAApA K 9TUM IPAMBIM.

AB 1 a; AB 1 b p(a; b) =AB

IpAMEBIE @ U b CKPEIUBAIOTCA

Coco0bI BHIYMCIEHUA PACCTOSHUS
MeKAY CKPelIMBAOIUMUCHA MPIMBIMHI

p(a; b) = p(a; P)

ITpoBecTu uepes IpsaMy0 b MIOCKOCTH

Bla

IIpoBectn uepes a u b mapaJyeJbHbIE
IIJIOCKOCTH o U [

p(a; b) = p(4; b))

(03

ITpoBectu a L a, cupoeKkTupoBaTts @ u b
Ha 9Ty IJIOCKOCTb: @ — A,
b—b,
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Mnowaau TpeyrosibHMKa, YeTbIPEXYroJsibHUKA,

Kpyra v ero 4yacrtemn

Mnowapb TpeyronbHuKa

S =1absiny =1bcsinoc= 1acsinB
2 2 2

Dopmyna I'epona:
S =p(p - a)(p - b)(p - c),
a+b+c

2

rae p =

nian

S:i«‘/(a+b+c)(—a+b+c)(a—b+c)(a+b—c)

HaxoxaeHune miomanu yepes paguy-
Chl BIIMCAHHON M ONMCAHHOU OKPYK-
HoOcTel: r u R.

a+b+c

S=p-r,rme p=
2
S=———r, rne r — paguyc BIOH-
CaHHOW OKPYXHOCTH.

S = % unuz S = 2R?sinosinPsiny,

rae R — pagumyc ommmMcaHHON OKPYIK-
HOCTHU
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OkoHYyaHue mabaulybt

Tlnomangb pAaBHOCTOPOHHETO TPEYTOJIb-

a HHUKa:
_a’\B

4

S

a

ILnomagp TPAMOYTOJIBHOTO TPEYTOIhb-

HUKA:
S = lab
2
S = lchC
2

S = 1acsinoc: 1bcsinB
2 2

ab
c

CnencrBue: h, =

JonoxHuTeNbHBbIE (POPMYJIBI I IJIONIATH TPEYrOJIbHUKA

HUepes MeAUaHbI TPEYTOJIBHUKA M, M,, M,

1
S = g\/(m1 + my, + my)(=my + my, + my)(m, — my + my)(m, + my, —my)

f

Hepes BHICOTBI TPEYTOJIbHUKA &, h,, h.:

(1 1 1 1 1 1)1 1 1)1 1 1
S=4j—-++—+—||—+—+—||———+—|| —+———
khl h, hJ( by h, hJ[hl hy hs)(hl hy hg]
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HaxoxIenue BRBICOTHI MPOMSBOJIBHOTO TPEYTOAbHUKA
MeTOIOM ILIOIIAei

MeTon miomiameil 3aKJII0UYaeTCsI B HAXO0-
b JKAEHUH TJIOMaAN PasJUUYHBIMU CIIOCO0Aa-
¢ MU, Jajee U3 9TOTO PABEHCTBA HAXOMAT
H pasJIuYHbIe 2JIEMEHTHI TPeYTOJbHIUKA, Ha-
a

npuMep BBICOTY

S = laha uin
2

a+b+c 2S

S =p(p-a)p-b)p-c), tne p=—p— = ==

Mnowaab 4eTbIPEXYronbHUKA

4

ITnomane 11060TO BBIITYKJIOTO Ye-
THIPEXYTOJIbHUKA PABHA IIOJIOBUHE
MIPOM3BEeHUS NUaroOHaJIel HAa CHHYC
yriia MeKIy HUMU:

S = %dle sin o

/

Ilmomans
napaJuiejiorpaMmma
S =ah, = ah,

S = ab sina

S = %dldzsin(b
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OkoHYyaHue mabaulybt

d d IImomans
a o) a NPAMOYTroJbHHUKA
M KBajapara
b a Sﬂp - alb
S _==d?sin
2 0

up

IInomanp pomo6a
h Sp =ah
I Sp = a? sina

1
8, = 5 did,

a IInomans Tpamenuun
A STp _at b o
WIn
STp =m-h,
>N +b
B C rme m = aro _ cpen-
M 2
i HAA JIUHAA TPaIleIlun.
A D S,=CD-MN,

CD — 0OKOBasi CTOPOHA;
MN — mepuneHIUKYJISD,
IPOBENEHHBIN U3 cepe-
IOUHBI IPYyToii 60KOBOM
cropousl Ha CD

B paBHOGOKOM Tpalernuu ¢ B3AUMHO IIePHeHIUKYIAPHBIMI
IUaroOHAJIAMU ILIOINAab PaBHA KBaApPaTy BBICOTHI:
S =h?
™
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Mnowapb Kpyra n ero yacrten

Kpyr — ¢durypa, cocroamasa us
BCEX TOUYEK ILJIOCKOCTHU, PACCTOS-
HUE OT KOTOPBIX 0 JAaHHOU TOUKK
He 0OoJIbIlle JaHHOTO.

Touka O — 1eHTp Kpyra, JaHHOE
paccrosinuue R — paguyc Kpyra

D2
IInomans kpyra: S = nR? wau S = TET, rne D — nuametp

Kpyrosoii cekTop — uacTts Kpyra,
JIerKalasi BHYTPU COOTBETCTBYIO-
II1ero IeHTPaJIbHOrO yria

ILromaas KPYyroeoro cexropa

nR’ - n° .
Seexr = ~gge» TA€ N° — TPAIYCHAT Mepa COOTBETCTBYIOIe-
To IeHTPaJbHOIO yTJIa.
2
Seew = 5~ TA€ 0L — DAIMANTAA Mepa COOTBETCTBYIOMEro

LEHTPAJIBHOTO yIJja

Kpyrosoii cermenT — o6mias
YacTh KPyra U MOJYILJIOCKOCTHU

IInomaagp cerMeHTa, HEe PABHOTO IIOJYKPYTY, BBIUUCIAETCS 110
dopmyJie:

nR®>

cerm o -n°* SA’

360
rae n° — rpagycHas Mepa COOTBETCTBYIOIIErO IIeHTPAJIbHO-
TO yria;
S, — mIoumaah TPeyrolbHUKA ¢ BePIIMHON B IEHTDe KPYyTa;
«+», ecm n° > 180°; «—», ecam n° < 180°
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KomGuHauuu Ten

KomOGuHaumMm MHOrorpaHHUKOB

MHOTOrpaHHNK HA3bIBAETCA BIMCAHHBIM BO BTOPOM MHOTO-
TPaAHHUK, €CJIM BEPIINHBI IIEPBOI0 JIEXKAT HA IIOBEPXHOCTH
(pébpax, rpaHAX) BTOPOTO. BTOPOIl MHOrOrpaHHUK Ha3bIBaeT-
Cs1 OMMMCAHHBIM OKOJIO II€PBOTO

KOMGMHaLl,MM Ten epawieHunsa

Iuaueaap — KOHYC

Konyc HasbpIBaeTcsAa BIHCAH-
HBIM B IMJHWHIP, €CJIU OCHO-
BaHMe KOHYyCa COBIIAJAeT

C OCHOBaHWEM I[UJIUHIPA,

a BepINHA KOHYCA JIEKUT
HA BTOPOM OCHOBAHUU I[U-
JIMHIDPA.

IIpu sToM mMuIMHIDP Ha3bIBA-
eTCsI ONMMMCAHHBIM OKOJIO KO-
Hyca.

R

I

R

K

OceBoe ceueHue, CBOMCTBA
h =H;R =R,
K 1 K o
h_u H — BBICOTHI KOHYCa
K o
" OUJINHADA;
R u R[1 — pajnmychl KoHyca
" OUIUHADPA

f/&

I[uauuap HA3LIBAETCS BIIH-
CaHHBIM B KOHYC, €CJIU OIHO
OCHOBaHNE IUJINHAPA Jie-
JKHT B OCHOBAHHU KOHYCA,

a OKPYIKHOCTH BTOPOT'O OCHO-
BaHUSA JIEKUT HA OOKOBOM
OBEPXHOCTU KOHYCA.

IIpu sTOM KOHYC HA3LIBAET-
Cs OMMCAHHBIM OKOJIO IIH-
JIMHAPA.

HK
h, .
10
RK
OceBoe ceuyeHue, CBOMCTBA
RK —_ H!C
- 9
T, H, - hl1

H un hLl — BBICOTHI KOHYCA
¥ IUJINHAPA;
R ur — pagnycsl KoHyCa
¥ IIUJIXHAPA
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ITap — uuauHAp

uaueAp Ha3BIBaeTCA BIH-
CaHHBIM B IIIApP, €CJIU €ero
OCHOBaHHUA ABJIAIOTCA cede-
HUAMU I1apa.

IIpu sTOoM mIap ommcaH OKO-
JI0 IUJIUHADPA.

r

OceBoe ceuyeHue, CBOMCTBA

1. IleuTp mapa JeXKUT

HAa cepeauHe BBICOTHI IH-
JIAHIPA.

2. OcHOBaHUA IUINHAPA —
paBHBIE IIapaJiiebHbIe cede-
HUS I1apa.

3. Paguyc mapa R, pagu-

yC IUJINHAPA I U BBICOTA IH-
auuapa H cBsA3aHbI COOTHO-
IIeHNeM:

2
R? :(g] +r?

IIunveAp Ha3bIBAETCA OMH-
CaHHBIM OKOJIO IIIapa, ecJu
map Kacaercsa Bcex obpa-
3YOIMUX ITUJNHAPA U €T0
OCHOBaHMUI.

ITpu sTOM II1ap BHMCAH B IIU-
JUHAP.

o
S

OceBoe ceyeHue, cBOIiCTBa

1. IlTap MOXHO BOKUCATH
TOJBKO B PABHOCTOPOHHUH
MUJINHID.

H
2. R=r=5, roe R — pa-

nuyc mapa, H — BbIcoTa
HMUJINHIAPA, I' — Paguyc Iu-
JIMHAPA
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IITap — kKoHyC

Konyc HaspIiBaeTCss BIIMCAH-
HBIM B IIApP, €CJIM BepIIUHA
KOHYycCa JeKUT Ha MOBEPXHO-
CTHU IIapa, a ero OCHoOBa-
HUe — CceueHue Imapa.

IITap mpu 5TOM OMHCAH OKO-
J10 KOHyca.

VAR
)

OceBoe ceueHue, CBOMCTBA
1. ITap MoKHO ommcaTh
OKOJIO JIF00OTO KOHYycCA.
2. IleuTp mapa — Ha ocu
KOHYyCa U SABJIAETCA IeH-
TPOM OKPYKHOCTH, OIKCAH-
HOI OKOJIO OCEBOT'0 CEeUEeHU I
KOHYCA.
3. Eciim R — paguyc mapa,
r — paguyc OCHOBAHUSA KO-
"Hyca, H — BbICOTa KOHY-
ca, TO

R?>=(H-R)*+r?

Konyc HaspiBaeTcss omucaH-
HBIM OKOJIO IIapa, ecjiu Iap
KacaeTcsa Bcex 00pasyoIux
KOHYyCa U ero OCHOBAHUM.
IITap npum sToM BOucaH B KO-
HYC.

B
L
r H
O, o
o 2
A OR C

OceBoe ceueHue, CBOiCTBA
1. IlTap MokHO BOUCATH

B JIT000¥1 KOHYC.

2. IleuTp mapa — Ha ocu
KOHyca.

3. Ecau r — paguyc 1miapa,
R — paauyc oCHOBaHUSA KO-
Hyca, H — ero BpICOTAa, TO:

ro R .
H-r g?+pR?
r=Rtgg=SAABC ,

2 R+ L

L — obpa3symoias KoHyca;

0. — YTOJI MeXAy 00pasyrio-
el ¥ MJIOCKOCTHIO OCHOBA-
HUS KOHycCa
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KOM6VIHaU,VIVI MHOrorpaHHUKOB U TeJ1 BpaweHusa

IMuauaap — npusma

IIpusma HA3LIBAETCS OMMCAH-
HOI OKOJIO IIUJIMHIPA, eCJIUu eé
OCHOBAHUS OMMICAHBI OKOJIO OC-
HOBAHUM IUJINHAPA, a OOKO-
Bble I'PaHU KacaloTCs I[UJINH-
Ipa (J1eskaT B KacaTeJbHBIX

ITpusma HasbIBaeTCA BRIH-
CaHHOWM B IUJIMHIP, €CJIU
e€é OCHOBaHUS BIIMCAHBI

B OCHOBAHUSA I[MJINHIPA,
a OOKOBEIE pebpa — obpa-
3yIolue MUJINHIpA.

ITpu sTOM IUJIUHAD OMM- TLTIOCKOCTHAX).
CAH OKOJIO TIPH3MBL. IMuanueAp IpU 95TOM BIUCAH
B IIPU3MY.

CroiicTBa MPU3MBI, BIIN-
CaHHON B ITUJIMHIP

1. IuauHAP MOKHO OIU-
caTh OKOJIO IPSAMOU IPU3-
MBI, €CJIA €€ OCHOBaHMNE —
MHOI'OYI'OJIbHAK, OKOJIO
KOTOPOr'0 MOXKHO OIKCATH
OKPY2KHOCTb.

2. Och MUINHAPA JIEKUT
Ha OJHOM MPAMOM C BBICO-
Toii H mpuaMBbl.

3. BokoBbIe péOpa TpU3MBL
ABJISIOTCSA 00pPa3y0IuMu
MUJINHIPA U PaBHBI H

CroiicTBa MPU3MBI, ONTMCAHHOM
OKOJIO IUJINHAPA

1. lfuamHAp MOKHO BIHCATH
B IPSAMYIO IPU3MY, €CJIU B eé
OCHOBAHWU JIEKUT MHOTIO-
YTOJIbHUK, B KOTOPBIN MOXKHO
BIIKCATH OKPYIKHOCTD.

2. BokoBbIe I'paHU IPU3MbI
KacamoTcsa IMIOBEPXHOCTHU I[U-
JAHIPA.

3. BokoBble pébpa IMPU3MBI
PaBHBI 00PA3YIOIIUM I[UJINH-
Ipa W BBICOTE IWJINHAPA

Konyc — mupamuna
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ITpodonsxcernue mabauybt

TIupamuga HasBIBaET-

csA BIIMCAHHOHN B KOHYC,
ecJiu €€ OCHOBaHME BIIH-
CaHO B OCHOBaHWE KOHY-
ca, a BepIlIMHA COBIALaeT
C BepPIIMHON KOHYycCA.

ITpu sTom KOHYC omHMcaH
OKO0JIO TUPAMMU/IBI.
CBoiicTBa MUpaMUIbI,
BIMCAHHOW B KOHYC

1. KoHyc MOKHO ommucaTh
OKO0JIO TUPaMUIbI, €CJIU

e€é OCHOBaHUE — MHOTO-
YTOJBHUK, BOKPYT KOTOPO-
0 MOJKHO OITMCATH OKPYIK-
HOCTbD.

2. BricoTa mupaMuabl paB-
Ha BBICOTE KOHYyCA U IIPO-
XOIUT Uepes IEHTP OIU-
CaHHOM OKOJIO OCHOBAHUSA
OKPY?KHOCTH.

3. BokoBrble pébpa mupa-
MUIBI ABJISIOTCA 00pasyro-
IUMHU KOHyCa

ITupamuga Ha3bIBAETCA OIMU-
CaHHOI OK0JI0 KOHYCa, €CJIN
€€ OCHOBAHME OMKCAHO OKOJIO
OCHOBAHUSA KOHYCa, a BEPIIIU-
Ha COBIAJAET C BEPIIUHOMN KO-
Hyca.

ITpu sTom KOHYC BIIMCAH B IU-
pamuny.

CaoiicTBa MUpamMuabl, OMUCAH-
HOM OKOJIO KOHYCa

1. KoHyCc MOKHO BIIMCATH

B MAPaAMULY, €CJIU €€ OCHO-
BaHMe — MHOTOYTOJbHUK,

B KOTOPBIII MOYKHO BIIMCAThH
OKPY?XHOCTB, BBICOTA IIPOXO-
IUT yepes3 IeHTP 9TOH OKPYIK-
HOCTH.

2. Paguyc ocHOBaHUS KOHY-
ca paBeH Paguycy OKPYsKHO-
CTH, BIMCAHHON B OCHOBaHUE.
BrIcOTEI KOHYyCa U MUPAMUIBL
COBITAIAIOT.

3. BricoThl OOKOBBIX I'paHeil
MUPaMUALI ABISIOTCA 00pasy-
IOIIUMU KOHYyCca

IITap — mpusma

IIpusma HasbpIBaeTCA BIH-
CaHHOIl B IIAp, eCJU BCe
€€ BepINUHBI JeKaT Ha I0-
BEPXHOCTH IITapa.

IIpu sTom mIap omucaH
OKO0JIO TIPU3MBI

IIpusma HA3LIBAETCS OMUCAH-
HOM OKOJIO IIapa, ecjii Bce eé
rpalHy KacaiTCs MOBEPXHOCTU
miapa.

IIpu sToM 11ap BOMCAH

B IPU3MY
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ITpodonsxernue mabauybt

CaoiicTBa MPU3MBI,
BIIMCAHHON B IIap

1. Illap MOKHO oIKCATh
OKOJIO IIPSIMOIi IIPU3MBI,
ecJI OKOJIO OCHOBAaHUH
MOJKHO OIIHCATh OKPYIK-
HOCTL. IleHTp 1Iapa Je-
JKUT HA CepeJUHe BBICOTHI
IPU3MBbI, KOTOPAs COeNu-
HAET LEHTPHI 3TUX OKPYIK-
HOCTeI.

2. OcHOBaHUA MTPU3MBI
BIIMICAHBI B PaBHbIE U IIa-
pajiesbHble CEUEHUS
mapa.

3. Ilpu pemeHuu 3agay
1es1ecoo0pasHo paccMaTpu-
BaTh CeUYeHUe IOJIYILIIOCKO-
CTHI0, KOTOPas IPOXOLUT
yepes IeHTp Inapa u 00KOo-
BOe pebpo MPU3MBI.

2
4. R? =HT+r2’

rae R — paguyc 1mapa;

r — pagmyc OKpPY'KHOCTH,
OMMCAaHHOIN OKOJIO OCHOBA-
HusA, H — BBICOTA IIpU3-
MBI

CaoiicTBa MPU3MBI,
ONMMCAHHOW OKOJIO IIapa

1. IITap MosxHO BIUCATH
B IPAMYIO IIPU3MY, €CJIU B €€
OCHOBaHME MOKHO BIIKCATH
OKPYKHOCTh, & BBICOTA IIPU3-
MBI paBHA AUaMeTpPaM 3TUX
okpyskHOCcTe#. IleHTp mmapa —
Ha cepeuHe BHICOTHI TPU3MBEI,
COEMHAIIIEN ITeHTPHI 9TUX
OKPYKHOCTEMH.
2. Ilpu pertteHuu 3amay IieJie-
Cco00pa3HO paccCMaTpPUBATH Ce-
YeHUe IMOJIYIJIOCKOCTBIO, KO-
TOpasd MPOXOAUT UYepes IeHTP
mapa MnepuneHIuKyJaIapHO 60KO-
BOU I'PaHU IPU3MBI.

R=r= E,

2

rae R — paguyc 1mapa; r —
paguyc OKPYsKHOCTU, BIIMICAH-
HOII B ocHOBaHue; H — BBICO-
Ta TPU3MBI.
3. UT0oOBI B IPUBMY MOJK-
HO OBLJIO BIICATH II1ap, HEOO-
XOAUMO ¥ SOCTATOUYHO, UTOOBI
B e€ MepIeHIUKYJIAPHOe ce-
YyeHre MOXKHO OBbLJIO BIKCATH
OKPY2KHOCTb, U UTOOBI BBICOTA
IPU3MbI PABHAJIACH AUAMETPY
9TON OKPYIKHOCTH

229
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ITpodonxcernue mabaulybt

IITap — nupamuga

ITupamuga HasbIiBaeTcA
BIMCAHHOW B IIAp, €CJau
BCe e€ BEepIIUHEI JeKaT Ha
MOBEPXHOCTH IIIapa.
IIpu sTom map onucan
OKO0JIO MUPAMM/IBI.
CaoiicTBa IpaBUIBHOIM
nUpaMuIbl, BIUCAHHOM
B map
1. IITap Mo:kHO omUCATh
OKOJIO JII000 ITPaBUJILHON
MUPaMUILI.
2. IleuTp mapa JeXUT HaA
IpsAMOI, KOTOpasi colep-
JKUT BBICOTY MUPAMUIBI.
3. Pemias zazaum, oOBLIYHO
paccMaTpUBaOT CEUCHUS:
® B TPEeyroJbHON MUpaMM-
me (B OCHOBaHUHU IIpa-
BUJIBHBIN TPEYTOJbHUK)
S

ITupamuga HasbIBaeTCA OIM-
CaHHOI OK0JIO IIapa, ecjii Bce
€€ IpaHU KacarTCA IIOBEPXHO-
CTHU IIIapa.

Illap pu 9TOM BIIMCAH B IH-
pamuny.

CBoiicTBa MUpaMuAbI, OIMUCAH-
HOH OKOJIO IIapa

1. IITap MOXHO BOHCATH B JIIO-
0yI0 IPaBUJIbHYIO IUPAMULY.
2. IleuTp mapa JIeKUT Ha BbI-
coTe MUPaMUIBI.

3. Pemrasa 3amaun, 00OBLIYHO
paccMaTpuUBalOT CEYEHUA:

® B TPEyroJbHOW MUpamMuie

(B OCHOBAHUY — IIPABUJIIb-
HBIA TPEYTOJIBHUK)

S

Q
o]

10




5.5. IsmepeHue 2eomempuyeckux 8eJiu4UH 231

OkoHYyaHue mabaulybt

ITesmecoo6pa3Ho mpoBecTH

ceueHUe yepe3 MeJUaAHY

OCHOBAaHUA U BEPIIUHY IIU-

paMUAbL;

® B YeTHIPEXYrOJbHOM ITH-
pamupge (B OCHOBaHUU —
KBajapar).

AC

PaccmarpuBaioT ceueHnue,
TPOXOAAIIee Yepes OTHY
u3 AuaroHajieil OCHOBaHUA
¥ BEPIINHY TUPAMUIEI.

4. Paguyc mapa R u pa-
IUYC OKPY’KHOCTH I, OIIH-
CAHHOU OKOJIO OCHOBAHUS
MUpPaMUAbl, ¥ BHICOTA MU-
pamunsl H cBsA3aHBI COOT-
HOIIIEHUEM:
R?’=(H-R®>+r?

ITesmecoo6pa3Ho IPOBECTH Ce-

YeHUEe yepe3 MeJUaHy OCHOBA-

HUS U BePIINHY IUPaMUbL;

® B YeTHIPEXYrOJbHOH IMUpa-
muzge (B OCHOBAaHUU — KBa-
apar).

PaccmarpuBaioT ceueHue, mpo-
XO[AIee uepe3 BepIuHy Iu-
paMugbl U amodeMbl TPOTUBO-
JIeXKaInux 0OKOBBIX T'paHeil.

4. Ecau R — paguyc mapa,
H — BBICOTA TUPAMUABI, I' —
pamuyc OKpPYsKHOCTU, BIIMCAH-
HOII B OCHOBaHUeE, TO:

R r
H-R g2 42

5. ITlenTp BOMCAHHOIO IIapa
JIEJKUT Ha IepeceueHrnn BhICO-
ThI TAPAMUIBI ¢ OMCCEKTPUCOIL
yrijia Me;xkay amogemoi u eé
mpoeKI[nell Ha OCHOBaHUE
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5.6. KoopauHatbl 1 BEeKTOpbl

AekapToBbl KOOPAUHATbI

JlekapTOBHI KOOPIMHATHI
HA IJIOCKOCTH

JlekapTOBBI KOOPIMHATHI
B IIPOCTPAHCTBE

Yy
M;(0; b) Mia; b)
0 Mya;0)*

O — HavaJio KOOPAUHAT;
Ox — ocsw abceruce;
Oy — och opAmHAT

2 My(0; b; ¢

M,(0;0;¢) 20:03)
.0- 'M(a; b; c)
M;(a; 0;¢) )

ok M,(0;b30)
y
M. (a;0;c)
x M{(a; b; 0)

O — HayaJa0 KOOPAMHAT;
Ox — ochw abcruce;

Oy — och OpAMHAT;

Oz — och anILIuKAT

KoopauHaTtel cepequnsl OTpe3Ka

C(x.; y,) — cepenuHa OTpes-
xKa AB

Yl Al yy)

SXC&\/&‘B(acz; Ys)

C(x,; Y5 2,) — CepeluHa OT-
peska AB

A(x5 Yy 2)

S’C\\t\B(J@; Ys3 25)

_X Xy _ Yty
xC— ’ c = ’
2 2
2, + z
7, =%
2

KoopauHaTsl TOYKH,
Jelsmnieil 0OTPe30K B 3aJaHHOM OTHOIIeHHH

Axy; Yp 2)

\C{cc; Yes 20)
B(x,5 Yy 25)
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OkoHYyaHue mabauybl

Haner Touku A(x,; y,),

B(x,; y,)- Toura C(x.; y,)
IeJIUT OTPEe30K AB B OTHO-
IIeHUuU M : N, CYUTASA OT TOU-
Ku A. Torma KoopAuHATHI
Touku C:

nx, + mx,
X = —1—"2;
m+n
_ ny, + my,
Yo =
m+n

Alx;5 135 2)), C(xg5 Ugs 20)s
B(x,; y,; 2,)

Toura C(x.; Y5 2,) neaut
0Tpe30K AB B OTHOIIIEHUU
m:n, cauTas OT TOUKHU A.

nx, + mx,
Xo = ——;
m+n
_mptmy,, _nztmz
= ;20 =
m+n m+n

dopmysa pacCTOSTHUSA MEKIY TOUYKAMH

A(x,; y,), B(x,; y,)

yyl_ﬂ A(xg yy)
y » B(xy; )
0| % Xy X

Paccrosaue d Mexay TouKa-
mu A u B:

dp = \/(x1 - x2)2 +{(y, - yz)2

Alxs Y5 2))s Blxys yys 2,)

A(xy; Yy 2)

\B(x2; Y3 2)

Paccrosinme d mMesxay TOUYKa-
mu A u B:

X

dg =

= \/(x1 —x) (Y -y +H (g - 2)

YpaBHeHUE NPAMON
Ha IIOCKOCTH

YpaBHEeHHE IJI0CKOCTH
B IIPOCTPAHCTBE

B o6mem Bumge:
ax+by+c=0
C yrioBBIM KO3(PUITMEHTOM

r=_2 b=0)
b

B o6uiem Bume:
ax+by+cz+d =0
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OKxoHuaHue mabauuybl
y=Fkx+b n(a; by ¢) — Hopmaav (Hop-
upamad |/, MAAbHBLIL 6eKMOp) — HEHY-

rae (0; b) — Touka mepece-
YyeHUdA OpamMoii ¢ ocsio Oy;
k=1tgo
YraoBoit Koa(hpuUIeHT mps-
MOI1:
p=Ys"Ya
Xp — Xy

’

eCcJIu NpsaMas IPOXOIUT depes
rouru A(x,; y,) u B(x,; y,)

JIeBOU BEKTOD, IePIeHIUKY-
JIAPHBIA IIJIOCKOCTH.

Eciu miocKocTs MpoOXoguT
uepes ToOuKu M(x,; Y,; 2,)

u n(a; b;c), nLl o, To
ypaBHEHUE ILJIOCKOCTH O
a(g—xo)+b(y—yo)+c(z—zo) =

Yciaosue nmapajajneJIbHOCTH
IIPAMBIX HA IIJIOCKOCTH

YcnoBue napaiieabHOCTH
ILIOCKOCTe! B IIPOCTPAHCTEE

1. Eciu npaMble 3agaHbl
YPaBHEHUSIMMU:

l: a,x+by+c, =0;

m: a,x+by+c,=0,

to I | m mpu

o _b L

a by ¢

2. Ecau nmpsMble 3amaHbl
YPaBHEHUSIMMU:
l:y=kx+b;
m:y=~kx+b,
Tol||mr1p1/1k1=k
ub b,

2

IIBe pasiuyHBIE IIJIOCKOCTH
o, U 0,, 3a/JaHHBIe ypaBHe-
HUSAMU:

o ax+by+cz+d =0;
o,:a,x+by+e,z+d, =0
apaJjieabHbl TOTa U TOJb-
KO ToTja, Koraa

a b c d
4 _h_4a_ %
a, b, ¢ dy
CaencrBue: eciiu
o _b_oa_4d

- - - ’

a, by, ¢ dy
TO ILJIOCKOCTU COBIIAZAIOT
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Y cioBue NepHeHANKYIIPHOCTU
IPAMBIX Ha IUIOCKOCTH

YcaoBue nepueHIHKYISIPHOCTH
IJIOCKOCTE! B IIPOCTPAHCTBE

1. Eciiu npsmble 3agaHbL
YPABHEHUSIMMU:
l: a,x+by+c, =0;
m: a,x+by+c,=0,
To [ | m upu
ab,+ab =0.
2. Ecau nipsiMble 3aaHbl
YPaABHEHUSIMMU:
l:y=Fkx+b;
m:y=kx+b,,
To [ | m nipm

k- ky=-1

nian

0
/ y

x
Ecan mimockocTy 3agaHbl
YPaBHEHUAMU:
a: a,x+by+cz+d =0;
B:ax+by+cz+d, =0,
TO OHU IEePIEHIUKYIAPHBI
TOTZIA W TOJBKO TOTAa, KOTma
aa,+bb,+cc,=0

PaccTrogHus U yriabl MeKIy
IPAMBIMHA

PaccTogHNS U yIJIbI MEKIY
IPAMBIMYU ¥ ILIOCKOCTAMU

PaccrossHue mesrmy

napajieabHbIMU
NPAMBIMU
Y
l
d m
0

¥YT0a Mexay NBYMS NPSIMBIMH
(mepeceKarIMMUCA
MJIM CKPeN[uBaAIOIIMMUC)

l

—
A B
P

—>
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ITpodonsxcernue mabauybt

Paccrosanusa u Yriabl MeXay
IIPAMBIMHA

Paccroanusa u YIJabl MeXay
NMPAMBIMHA U IIJIOCKOCTAMHU

Eciu nmpsaMbie 3aqaHbI
YPaBHEHUSIMU

l: ax+by = c,

m: ax+by = c,, TO

_ |c, - 02|

d=
Ja® +b?

Hanpasasmomuii BEeKTOp
HIPSAMOM — BEKTOD, JIeXKAIIUHA
Ha IIPAMON MM Ha IPAMOM,

el mapaJieJIbHOM.
Brruncisiercsa mo KoopaAnmHATAM
IBYX TOYEK MIPAMOA A(X; y,; 2,)
u B(ﬁ Yy 2,)-

p=AB.

Yros MexAy IPAMBIMU C Ha-
MIPaBJIAOINIUMEI BEKTOPaAMU

Dxgs Yys 2) 1 G(Xy5 Yy 25)

cos( =

_ |x1-x2+yl-y2+21-22|

&2+ g2+ 2) - (F + g2 + 22)

¥Yroa Mexkay MPIMBIMHU

Ecau nmpsaMble 3amaHbl

ypPaBHEHUAMU
l:y=Fkc+b,
m:y=Fkx+b,
uk, #ky 10
tgo=| "t ‘
1+ kk,

Y10 MeKIy MPSIMOMi
¥ IIJIOCKOCTBIO

-4 b
n
¢

[0}

Vron Mexay HAIPaBIAIOIUM
BEKTOPOM p(X; Y;; 2;) H ILIO-
CKOCTBIO ax+by+cz+d = 0:

cos( =

|aac1 + by, + czl|

\/(xlz + yl2 + 212)-(a2 +b% 4 c2)
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OkoHYyaHue mabauybl

PaccTogHus U yIiabl MEKIY
MPSAMBIMH

Paccroanusa u YIJabl MeXay
MPAMBIMHA # IIJIOCKOCTAMHU

Paccrosame ot TouKHM
IO TPAMOI

Paccrogrme ot ToU-
Ku A(x,; Y,) IO IpAMOK
ax+by+c=0:
ax, + by, + ¢
d= |ax, + by, + |

va? + b?

Paccrosgune oT TOYKH
IO TJIOCKOCTH

z \;(x;;yo; 2)

Paccroanue ot Touknu
A(x5 Yy 2,) AO ILIOCKOCTH
ax+by+cz+d=0:

|ax, + by, + ¢z, +d|

Ja? + 02+ 2

d

YpaBHEHHE OKPYKHOCTH

Ypasuenue chepsi

C IIEHTPOM B HavaJie KOOpaAuHaT

ITenTp okpyxkHOCTU O(0; 0)

Ilentp oxpysxuocTu O(0; 0; 0)

C I[EHTPOM B IIPOM3BOJIHHON TOYKE

(x~a)*+(y-b) = B
Lentp O,(a; b), paguyc R

x
(x—a)?*+(y—b)*+(z2—c)* = R?
HenTp chepsr O,(a; b; ¢),
paxuyc R
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BekTopbl

Belc’ropm Ha IJIOCKOCTH

BekTopsI B MPOCTPAaHCTBE

.E/VB

BekTopom HasbhIBaeTCs HaAIIpPaBJIEH-
HBIA OTPE30K:

AB=a

IrHA 9TOTO OTPE3KA HA3BIBAET-
cA DANHOM (MOIyJieM, aGCOJIOTHOM
BEeJIMYUHOI) BEeKTOpa:

lal = AB

KoopauHaTtsl BeKTOpa
Ha IJIOCKOCTH

KoopauHaTel BeKTOpa
B IIPOCTPAHCTBE

ANX53 Yo)
a

Axs yy)

a(a; a,) roe

a, =X,7 X5 a4, =Y, Y,

Ai(xy; Y3 2)
a
Ay Ygs 2,)

afay; a,; a;), TAe

lal = Ja2 2 a, =x,—x,
al=ja; +a; a =y —
2= Y" Y
a;=2,"2,
—_ [ 2 2
lal = \Ja] + a5 + a;
PaBHbIe BEKTOPHI
7 _ 7 Jlal=1lb
a a=b & lal 15| -
BEKTODHI @ U b OZMHAKOBO HAIIPABJIEHEI
b

B koopauaaTax

_ _ a, =b
;a,)=b(b; b _ _ 1
a(ay; a,) = b(b; by) & aag; ay a;) =b(b; by b)) © a,=b,
a, =b az =0by

a, =b,




5.6. KoopouHamel u sekmopei

239

IIpo'rmzononomm.Ie BEKTOPbI

B C

%
AD

_ IIpOTUBOIOIOKHBIE BEKTOPHI — BEKTODHI,
a UMeIe OAMHAKOBYIO JJINHY U IIPOTUBO-
/ IIOJIO}KHOE HaIpaBJeHHe.
¢ BekToprr AO u CO — IpPOTUBOIOJIONK-

HBbIE; B_C n ﬂ — IIPOTUBOIIOJIOKHBIE.
lal=lcl @a=-¢

Rommueapnme BEKTOPbI

HeHyJIeBI:Ie BEKTOPBI HA3bIBAIOTCA KOJI-
JUHEeAPHBIMHU, €CJIM OHU JIeKaT Ha OZ[HOﬁ
HpﬂMOﬁ UM Ha IapaJijaeJIbHbIX IIPAMBIX.
ROJIJII/IHeapHLIe BEKTOPLI HallpaBJI€HbL
OVMHAKOBO UJIX IIPOTUBOIIOJIOMHO

¥YcnoBue KOJUVIMHEaAPHOCTH BEKTOPOB

a KOJLINHeapHO b
a(ag; ay); bb; b)) <
a, _ 4

==
bl b2

a KOJLInHeapHO b
a(ag; ay; aq); bbby b)) &

a a a
<:>_1:_2:_3

Onepauuu Hap BeKTopamu

CyMMa BeKTOpPOB

Ha niockoctu

B nmpoctpancTBe

ala,; a,) +b(b; by) =
=c(a, +bj;a,+b,)

a(ag; ay; ay) + E(bl; by; by) =
=c(a, +b;a, +by; ay +by)
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IIpaBuiio TpeyroJsHuKa

IIpaBuiio mapaJjiesenumnexa

OM = 0A + OB +0C

IIpaBuiI0 MHOTOYTOJIbHUKA:
IlycTh mambl BeKTOpPBI @; b;

C;
a) OT NMMPOUBBOJIBHOM TOUKM CTPOUM BEKTOP @;
0) OT KOHIIa BEKTOpPa @ CTPOUM BEKTOD b;
B) OT KOHIIA BEKTOpa b CTPOUM BEKTOD C;

I') OT KOHIIa BEKTOpa C CTPOUM BEKTOp d;
II) BEKTOP-CyMMa /1 — €ro HayaJjio COBIIaJaeT C HAYaJIoM
BEKTOpa @, KOHEI[ — C KOHIIOM BeKTopa d

d.

= 5 g
b
a _
' ¢ a2 1)
b(2; 0)
J o0 - 2)
m d(-1;-2)
/| Tae-®
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PazHocTh BEKTOPOB

a(as; a,) —b(b; by) = a(ag; ay; ag) —b(b; by; by) =
=c(a, —b;a,—by) =c(a, —b;a,—by; ay —by)
_ ¢ 4C - 4B - BC
AQE—F
b B

YMHOKEeHHne BEKTOpa HA YHUCJIO0

A-(ag; a,) = (Aay; hay) A-(ay; ay; ag) = (Aay; hay; Aag)

.a_/v N IIpu A < 0 BeKTOp )G OAUHAKOBO
N HaIpaBJieH ¢ BEKTOPOM a.
ITpu A < 0 BeKTOpP ) g HOPOTUBOIO-
A JIOJKHO HAIPABJIEH C BEKTOPOM a&.
2% [nal =2l -lal

BexkTopsl @ u )\g KOJIMHEAPHBI

Eciu @ u b wounuHe- Ecau b =A@, T0 @
apHBI, TO b = Aa u b — KOJUIMHEapHBI

CBolicTBa feiACTBUIA Ha4 BeKTopamMu

Il1s1 MIOGBIX BEKTOPOB @, b W € ¥ JIIOGBIX UMCEN Y U L
1)a+b=0b+a; 7 0-a=0;

2 a+(+c)=(@+b)+c; 8) A-0=0;

3) @+0=a; ~ 9) Iral = Al-lal;

4) a-b=a+(-1)-b; 10) A> 0=z 17T a;

5) (A +wa =Aa +pa; 1) Ar<0=ralla

6) AM(a+b)=Aa+Ab;
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Yron mexay BeKTtopamm.
CkansipHoe npou3BeaeHue BEKTOpoB

CEaJIﬂpHOO IIpousBeaeHue

CransApHOe IMpousBeaeHue
BEKTOPOB B MPOCTPAHCTBE

BEKTOPOB HA IIJIOCKOCTH

a(a;; a,); bibg;b,) a(a;; ay; az); b(bg; by; by)

@a-b=a -b+a,-b, E~E:a1~bl+a2-b2+a3-b3

7 Teopema o ckaxsgpHOM
© NIPOU3BEIEHUN BEKTOPOB
a-b= |E|-|5|cos¢,
rme @ — yrojl MeXxny BeK-
TOpaMu

|

CrencrBusa us TeopeMbI 0 CKAJAPHOM IMPOU3BEACHUN

YucieHHOEe 3HAUEHUE CKAJISIPHOIO MPOU3BENEHUS XapaKTepu-
3yeT BeJIMUUHY yIja MEKAY BEKTOPAMU:

2 a-b>0 <0°<¢<90°
(0 VYros MexIy BEKTOPaMU — OCTPBIN
b
— YcioBue MePHEeHINKYJIIPHOCTH BEKTOPOB
n T T
a-b=0salb
— VYron mexkay BekTopamu 90° (BeKTOPHI
b IIePIeHJUKYIAPHBI)
a-b<0e 90°< @< 180°
2 Yros MeXAy BEKTOpaMU — TYIHOH
¢
b

Kocunyc yria Me:xay BeKTOPAMU BBIUMCJSIETCA II0 (hopmyJie:
b
lal-[b]

Q|

cos( =
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Pa3noxeHue BekTopa

Ha nnockoeru: mo nsym He-
KOJIINHEapHBIM BeKTODPaM

B nmpocrpaHcTBe: 110 TPEM
HEKOJIIMHEaPHBIM BeKTOpPaM

M — MPOUBBOJIbHBIA BEK-
TOP ILJIOCKOCTH;
@ U b — HEeKOJUIMHeapHbIe
BEKTODBHI.
Bceerga cymectByer pasJo-
JKeHUe:

m = Aa + ub,
TIe A U U — eIMHCTBEHHbBIE
qucJjaa

M — IPOUBBOJIbHBIN BEK-
TOP NMPOCTPAHCTBA;
@, b u ¢ — HeKOMILIaHAD-
Hble (T. e. He IapaJljiebHbIe
OJTHOM IIJIOCKOCTU) BEKTODHI.
Bcerza cyuiecTByeT pasiio-
JKeHUe:

m = A& + ub + Ve,
rae A, L M1 V — €IUHCTBEH-
HBbIE€ YHnCJa

Bexropsr a(a;; a,) u b(b; b,)
HEeKOJLJINHeAaPHbI, ecIu

a a

A 2

1 2

YcaoBue KOMILIAHAPHOCTH
BEKTOPOB
BexTopsl @, b u ¢ —
KOMIIJIaHapPHBI, €CJIN
C=Xa+ub, rome A>+ p> =0

BekTopHbI MeToA, ANS pelleHus reomeTpnyeckux sapay

JTanbl BEKTOPHOTO MeToaa:

BEKTOPHBIX COOTHOIIIEHUI;

KIeHUNA

1) chopmysupoBaTs 3a4auy Ha A3LIKE BEKTOPOB;
2) mpeoOpas3oBaTh COCTaBJEeHHbIe PABEHCTBA HA OCHOBAHUU

3) mepeBecTH TOJIYUYEHHBIE PE3YJIbTATHI HA A3BIK T€OMETPUM.
PaccmoTpum nmpuMepsl UCIIOJIb30BAHUA BEKTOPHOT'O A3BIKA
Ias hOpMYJIUPOBAHUA HEKOTOPBIX I'eOMEeTPUUECKUX YTBED-
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Pasden 5. leomempus

OkoHYyaHue madbaulbl

Ha TreoMeTPpHYeCKOM
SA3BbIKE

Ha BexkTOpHOM
A3BIKE

albd

AB = kCD, rnue orpesxku AB u CD
MIPUHALJIEXKAT COOTBETCTBEHHO IIPs-
MBIM @ u b, B — 4ucjo

Touku A, Bu C
MPUHALIEKAT IIPS-
MO# a

VYeraHoBUTE CIIpaBeAIMBOCTh PABEHCT-
Ba: AB=kBCunmu AC = EBC, unn
AC = kAB

A C B — m—
———————o—o AC =—CB umm
AC:AB=m:n n
QC = QA + QB pns HeKo-
m+n m+n
TOPOIT TOUKU @
albd E-@=O, rae Touku A u B mpu-

HaJJIeKaT IpAMoi a, a Touku C
u D — mpamoii b

Beruucautb JJIUHY
OTpe3Ka

a) BBIOpPATh MBA HEKOJJIMHEAPHBIX BEK-
TOpa, Y KOTOPHIX M3BECTHHI JIUHBI

W YroJl MeXIy HUMMU;

0) PaBJIOYKUTH II0 HUM BEKTOD, AJUHA
KOTOPOTO BBIYUCJIISIETCS;

B) HAWTHU CKaJIAPHBIN KBaApaT 3TOTO
BEKTOpAa:

Boruucauts Besu-
YUHY yria

a) BI:IﬁpaTI: JABa HEKOJIJIMHEAPHBIX BEK-
TOopa, OJd KOTOPBIX M3BECTHO OTHOIIIEe-
HUe OJINH U YIJIbI MEeXAY HUMM,

0) BBIOpATH BEKTOPHI, 3aAI0II€ UCKO-
MBIl YyTOJI, ¥ PasjgoKUTh UX II0 0asuc-
HBIM BEKTOpPaM;

a-b

B) BRIUHCJIUTH coS(a@; b) = W
al-




3JIEMEHTbl KOMBUHATOPUKMU, ﬂ
CTATUCTUKMU
U TEOPUN BEPOATHOCTEN

6.1. dnemeHTbl KOMOUHATOPUKN

MoHsATNEe MHOXeCcTBa U ero 3JIeMeHTOB

MHO¥ECTBO — COBOKYII- SJIeMEeHT a PUHALJIEHKUT
HOCTL HEKOTOPBIX 00BEKTOB, MHOXKeCTBY A < a € A.
00beIMHEHHLBIX II0 OIIpefe- JyeMeHT b He IPUHALICHKAT
JIEHHOMY TPU3HAKY MHOXKeCTBY A < b ¢ A.
B MHOXKecTBe HET 3JIeMeH-
TOB & O

ITogmHOKECTBO (C)

Ac B < Eciu x € A, To
x € B

° @
PaBencTBO MHOKECTB (=)

Eciu x € A, To x € B
= Eciux e B,tox € A

IIepeceuenue MHOKECTB (M)

C=AnNB
xeC=>xecAuxecB

(4
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OKoHYaHue madbaulybl

Oo0benquuenue MHOKeCTB (L)

C AUB=C
xeCosxeAumx e B

Pasuocts MHO:KeCTB (\)

A B C=A\B

xeCosxeAuxe¢ B

IIO]'IOJIHBH]{[e MHOKEeCTB

xeAoxe A
A

IIpocreiinirne KoMOMHATOPHBIE 3amaun: Mepedop BaApHUAHTOB,
MPaBUJIO CYMMBI U IIPOU3BEJIEHUS

B mpocreiiininx KOMOMHATOPHBIX 3aJadaX OCYIIECTBJSIOT IIe-
pedop Bcex BO3MOXKHBIX KOMOMHAIIUHA U CTPOUTCA AePEeBO BO3-
MOSKHBIX BAPUAHTOB

OmHOBpEMEeHHBIN U MO0YePETHBIN BHIGOD

IIpaBuI0 CyMMBI IIpaBujio npousBegeHus
(omHOBpEMEHHBII BHIGOD) (moouepémHbIil BHIOOP)
Ecau snemeHT A MOKHO BBI- Eciu snemeHT A MOXKHO BBI-
OpaTh m crocobamu, a sJje- opaTh m crocobamMu, a I0ocJje
MeHT B — n cmocobamu, TO 9TOro 9jeMeHT B — n crmoco-
A unu B M0XHO BbIOPATh 6amu, To A 1 B MOXXHO BBI-

m+n crmocobamu 6paThb m-n cmocobamMu
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OkoHYyaHue mabaulybt

B KoMOMHaATOPHBIX 3ajauax M3ydalOTCA CIIOCOOBI BhIOOpA
U pa3MeIleHus 9JIeMEeHTOB KOHEUHOr0 MHOKECTBa.
Ta}cne T'PYIIIBI 9JIEMEHTOB Ha3bIBAIOT COeTUHEHUAMU

( CoequneHus

\

\

Bce aimemeHTBI IIOJIYy4YeHHOTI'O
MHOMeCTBa pa3Hble

\

DJIeMEeHTBI IIOJITYy4YEeHHOI'O
MHOMeCTBa IIOBTOPAIOTCA

\

CoenuHeHus
0e3 ITOBTOPEHM!H

CoenuueHus
C IIOBTOPEHUAMU

OcHoBHbIE BUIBI COeTUHEHUIT 0€3 MOBTOPEHM It

IlepecTraHoBKA U3 n 3jIeMeH-
TOB (PasjnyaoT IOPAIKOM
CJIeIOBAHUSA 9JIEMEHTOB)

P =n!
n=1-2-3-..-.n
(darTopua
ol=1

PaszmemeHus 13 n 3jeMeH-
TOB 110 m (PasjIudaroTCsa

A" =nn-1)-...-(n-m+1)

n

Am n!
WJIN TOPAAKOM, WU SJIE€MeH- n =TT
(n —m)!
TaMu)
CoueTaHusa U3 n 9JIEMEHTOB ! A"
o - n! AT
- - 9’
mo m (OTJIMYAIOTCS JIUIIH " min-m)! P,
9JIeMEeHTAMU ) 0
C’ =1.

CBOIICTBO coueTaHUA
m _ ~n-m
Cn - Cn
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f(w-u)
—_— = ¢~ . u
ju w u=4d
BuHoImoweed nygoHeLIodaII
awy \Mﬂ
(w - u)jw
E =20 OMHOHUIL0) €
u LBYOXd I9L
EUHBLOROD) -HOWOIL'E€ UL 90g
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BuHom HbloTOHA

JIBy4JieH BUA a + X Ha3bIBAIOT OMHOMOM TpeyroasHug
ITackansa

(a+x)°=1; (a+x) =0 1

(a+x)!=a+x 1 1

(a+x)?=a’+2ax+x? 1 21

(a+x)® = a*+3a’x+3ax?+x? 1 3 3 1

(a+x)* = a*+4ax+6a’c*+dax®+ x* 1 4 6 4 1

a+x)’ =a’+3a*x+10a’x"+
( )? 5+5a'x+10a%x? 1 5 10 10 5 1
+10a’x3+ 5ax*+x°

Oo6masa opmyaa 6maoma HproTona

(@a+x)" =a"+Cla" 'x + Cla" ’x* + C2a" % + ...+
o+ Cla L+ O e T+ x”

OO0uuii 4IeH pPas3IoKeHus
T, =Cla""x" (k=0,1,2, ..n).

C,'f HA3bIBAIOT OMHOMMAJIBHBIM K03(dUIImeHTOM

CBoiicTBa OMHOMHUAJIBHBIX K03 (PUINeHTOB

Yucsio 6MHOMHUAJIBHBIX KO- CyMmMa BceX OMHOMUATBHBIX
9 GuIreHToB (¢ paBHO n K02(PUIMEHTOB paBHA 2":
cJlaraeMbIX B PaBJIOYKEeHUU

P ) CO+Cl+C24 .4 Cl =2

paBHO n+1

KosdpdumuenTs: uneHos, CyMmMa OMHOMUAIBHBIX KO03(-

PaBHOYIAJIEHHBIX OT HaUa- (UIMEHTOB, CTOAIUX HA UET-

Jla ¥ KOHIA PAa3JIOYKEeHUs, HBIX MeCTaX, paBHA CyMMe KO-
PaBHBI MeXKIY CO0O0it: 9(pPUIIUEeHTOB, CTOAINX Ha

ck = k! HEUETHBIX MecTax
n n
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6.2. dnemMeHTbl CTaTUCTUKU

Tabnmnunoe 1 rpaduyeckoe IIpencTaBIeHNe JAaHHBIX (cxeMa)

( Buasl craTucTHYECKHX HAOJIIOXeHU )
IO BPeMEHHOMY IPU3HAKY )
-I TeRyIue |

»-I ePUOINUYECKIE |

-I OMHOYHEIE |

=,‘>(no cII0co6y OpraHU3anuy )

»-I OTUYETHBIE |

-I 9KCIIEIUIVOHHBIE |

-I CcaMOBbBIUHCJIEHNE |

:‘,>( IO CTeIleHU ITOJHOTHI OXBaTa eIUHUIIBI )

( HECILJIOIITHbIE ) ( CILJIOIIIHbIE )

BBEIOOPOYHEIE

aHKeTHBIe |

Haﬁmoz[eHne OCHOBHOT'O MacCuBa |

S I N SR

MoOHOTpaduuecKoe onucaHue |

( MeToabl 00PaGOTKHM TaHHBIX )
Ta6auunoe I'paduueckoe mpen- Pacuér craru-
mpejcTaBIeHTe craBieHue (rpadu- CTUYECKUX II0-
KU, AUarpaMMbl) KasaTeJei
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OCHOBHbIE CTaTUCTUYECKUE XapakKTepucTtukmn
(‘lMC.ﬂOBbIe XapakTepucTtuku paaos AaHHbIX)

MEHBIIIe TPEeABIAYIIEero)

PamxupoBanue pama unced. YTo6bI BEIUNCIATH CTATUCTHYE-
CKIe XapaKTePUCTUKU, DAL YKCeJ, IIOJYUSHHBIX B Pe3yJbTa-
Te c6opa JaHHBIX, HAZO PAHMKUPOBATH, T. €. PACIOJOMKUTEL UM-
cja B MOPsAAKe HeyObIBaHMA (KasKIoe CcJaenyiolee YKUCJIO He

Yuciaosble XapaKTEePUCTUKN PANOB JAHHBIX

Pasmax (R) — pasHuma
MeXKIy HAuOOJNBIIUM U HAU-
MEHBIIINM 3HAUEHNEM pPALa
uuce.

Pasmax HaxXogAT, ecau HeoO-
XOAUMO OIPEIeIUTh, KaK Be-
JINK pasbpoc JaHHBIX B PALY

Cpennee 3HaueHue pAga
gucesa (cpeaHee apupMeru-
YecKoe) — YacTHOe OT JeJie-
HHUA CYMMBI 9TUX YHCEJI Ha
KOJIMYECTBO CJaraeMbIX.
CpenHee 3HaUYeHHE — 9TO
3HAUeHNe BeJIUYUHBI, KOTO-
poe ToJyuaeTcs, eClIn CyM-
Ma BcexX HabJ0aeMbIX 3Ha-
YeHUWH pacrupeneasaeTca
TMIOPOBHY MEXKIY eIUHUIaMU
HaOI0IeHUuA

Mopa (Mo) — uucyo, KOTo-
poe BcTpeyaeTcs B JaHHOM
pALy 4arie BCero

Menguana — Tak HasbIBae-
MO€ CepefuHHOe 3HAUeHUe
PAHKMPOBAHHOTO PANA Ul-
ceur:

Psapg uncen mosker umeTsb 60-
Jlee OHOM MOZbBI UJIN He
UMETDH €€ COBCEM.

Mony paga yucea HaXOmAT,
KOr/Jla XOTAT BBIICHUTDH He-
KOTOPBIN TUNUYHBIN TOKAa-
3arTesb

a) ecJid KOJMUYECTBO UHCEJI
B pANY HEYETHOE, TO MeIN-
aHa — 9TO YMCJO, 3aIKUCAH-
HOe TocepeuHe;

0) ecJi KOJIMUECTBO UMCE]
B pAAy 46THOE, TO Meaua-
Ha — 9TO cpeaHee apudme-
THYECKOe JBYX YLCEJ, CTOS-
IUX IIoCcepeaurHe
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6.3. dnemMeHTbl Teopuu BEepoOATHOCTEN

Buabl coObiTHA

CoobITHE Onpenenenue O6o3HaueHnEe

CayuaiiHoe Co0ObITHIE, KOTOPOE MOXKET A, B, C, ..
CIIYyYUTHCSA UJIU HE CIY-
YUTBCA B PE3YJIbTATE
JKCIIepUMEeHTa

IocToBepHOE Co0ObITHE, KOTOPOE BCJIE]- 14
CTBUE dKCIIEpUMEHTa 00s-
3aTeJIbHO CIYYUTCS

HeBoamoxxHOE Co0ObITHE, KOTOPOE BCJIE] - (%)
CTBHE SKCIIEPHMEHTAa He
MOYKET CJIYUUTHCS

CoObITHA OnpeneneHue

CoBMecTUMbBIE IToaBieHME OOAHOTO M3 HUX HE HCKJIIO-
YaeT MOABJIEHUE IPYroro

HecosmecTumbie IToaBieHMe OAHOTO M3 HUX HUCKJIIOUAET
MOsABJIEHUE APYTroro

PaBHOBO3MOMXKHEBIE CoObITUs, KasJgoe U3 KOTOPBIX He
MMeeT HUKAKOTO IIPEeUMYIIeCTBa B II0-
SIBJIEHUH Yallle APYTUX BO MHOTOKpPAT-
HBIX WCIIBITAHUSAX, IPOBOJSIIIUXCS

B OJMHAKOBBIX YCJIOBHUSIX

ITosmas rpymnma PesyibTaToM MCHIBITAHUNE 06513aTENIb-
HO CTAHOBUTCS OZHO W TOJIBKO OJHO U3
9TUX COOBITHH

JJleMeHTapHBIE PaBHOBO3MOKHBIE COOBITHA, IOIIAPHO
HECOBMECTUMEIEe U 00pasyoiue IoJ-
HYIO T'PYIITY COOBITHM
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BepoaTHOCTb C/ly4ailHOro coobITUSA

Kaaccuueckoe omnpegeaeHue

BEPOATHOCTH

Beposarnocts P(A) caydaiiHOTO COOBITUSA A — 3TO OT-
HOIIIEHUE YNCJIA COOBITUH, KOTOPBIE CIIOCOOCTBYIOT CO-
OBITHIO A, K 00IlleMy KOJUYECTBY ITPOCTPAHCTBA dJIe-

MEHTapPHBIX COOBITUII:

PA) =",
n

N — 4YMCJIO0 BCeX COOBITHN IPOCTPAHCTBA;
m — YMCJIO COOBITHI IMPOCTPAHCTBA, CIOCOOCTBYIOIAX
coObITHI0O A

Coo6rITHE Ero BeposarHocts P(A)
HeBosmosxHO PA)=0
CioryuaitHo 0<PA)<1
Bepoaruo PA) =1

CraTucTuueckoe omnpeneieHne

BEPOATHOCTHU

CraTtuctuueckass BepoaTHocTs P(A)
CobOniTIe A — 1Ipenei, K KOTOPOMY IIPHOJIMIKAETCS OT-

m
HOCHUTeJIbHAdA YacTrTora — (n — KOJIN4YeCTBO BCEX HC-
n

MBITAHUN cepuu, M — KOJUUYECTBO MUCIBITAHUM, B KO-
TOPBIX IIPOUCXOIUT COObITHE A).
IToaBieHMe COOBITUA A IPU HEOTPAHUYEHHOM yBeJIU-
YeHWU YMCJIA BCeX MCIBITAHMIN:

P(A) = lim ™ @
n—e 1

U — nnomanb puUrypsl Ha

mirockocTb; S(U) — minomans ¢urypsl U;

A — yactb purypsr U (A c U); S(A) — mnomansb ury-
put A. CobsiTue A — momnaganue Touek U B purypy A

T'eomeTpuuecKkoe ompenee-

HHE BEPOATHOCTH

T'eomeTrpuueckoii BepOATHOCTBIO COOBITHA A Ha3bIBAeT-
csl OTHOIIIEHUe IIomany (Urypsl, 6J1aronpuAaTCTBYIO-
el coOBITUIO A, K ILJIONIAAN BCeil 3aJaHHOMN (DUTYDPHI:

S(A) X Y
S(U) ¢ M D

Ecnu cobeitue A — momnaganue Touku M Ha oTpe3ok XY
upu OpocaHum e€ Hayrag Ha oTpe3ok CD (XY < CD), To

P(A) =

P(A) = %
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Onepauuun Hag, coObITUAMU

Onpenenenue

TeopeTHKO-MHOKECTBEH-
Hasd WILIIOCTPALUI

IIpoTuBomoOI0KHOE COOBITHE

CobObiTHie A Ha3bIBaeTCsA MPOTUBO-
MOJIOSKHBIM COOBITHIO A, eCaIu OHO
TPOUCXOAUT TOTA M TOJBKO TOT-
a, KOT/Ia He IPOUCXOAUT COOBITHE
A. BeposaTHOCTb ITPOTUBOIIOJIOMKHO-

ro cobertus: P(A) =1- P(A)

U — nmocrToBepHOE CO-
ObITHIE
PWU)=1

A

Cymma coObITuit

Cymmoit (M 00 beTUHEHHEM) CO-
osITHH A 1 B Ha3bIBAeTCsI COOBITHE
A+ B (unu A U B), KOTOpPOE IIPO-
HCXOJUT TOTJAa W TOJBKO TOT[a,
KOr/Ja IIPOUCXOIUT COOBITHE A WU
cobwiTrEe B

A+Bumun AU B

IIpousBenenue coObITHI

IIpousBenenuem (uau mepeceuve-
HUeM) coObITUIl A 1 B HasbIBaer-
ca cobwiTue A - B (unu A N B), Ko-
TOpPO€ MIPOUCXOJUT TOTZA W TOJIHKO
TOT[a, KOT/Ia MMPOUCXOIAT 00a co-
opiTviss A u B

A-BummAnNB

HecoBmecTHBIE COOBITUSA

IIBa coObiTusA A u B Ha3BIBAIOTCA
HECOBMECTHBIMHU, €CJIM UX IIPOU3-
BefleHUe ABJIAETCA HeBO3MOYKHBIM
coOBITHEM, T. €. A - B = & (unu
A N B=0Q)

BepOﬂTHOCTL CYMMBI IBYX HECOBMECTHBIX COOBITHH

Ecnu cobviTus A u B HecoBMmecTHBIE, TO P(A+ B) = P(A)+ P(B)
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BepoaATHOCTb CJI0XKHbIX COObITUIM

TeopeMBbI CJI0KeHUA BEPOITHOCTEH

( Co0bITuss A u B cCOBMECTHMBI )

HeT ﬂ, Q Aa

| P(A+B) = P(A) + P(B) I | P(A+B)=P(A)+P(B)-P(A - B) I

CaencTBus ciIOKeHUS Bepom‘noc'reﬁ

CyMmMa BepOATHOCTEI COObI-
Thit A,, A,, ..., An, KOTOpPBIE
00pas3yoT MOJHYI0 TPYIIY
¥ IOTIAPHO HECOBMECTUMBEI,
paBHa 1:
P(A)+PA)+..+PA) =1

CyMMa BepOSATHOCTEI
MPOTHUBOIOJOKHBIX COOBITUI
paBHa 1:

P(A)+ P(A) =1

TeopeMbl yMHOMKEHNS BEPOATHOCTEMN

I_IBa COOBITUSA 3aBUCHUMBI, €CJI BEPOATHOCTHh OMHOI'O U3 HUX
3aBUCHUT OT IIOABJIEHUA UJIN HEIIOABJIEHUSA OAPYroro

( CoObiTuA A M B 3aBUCHUMBI )

HeT {L ﬂ, Aa

| P(AB) = P(A)-P(B) I | P(AB) = P(A)- P(BA) I

CJIe,I[CTBI/IH TeopeMbl YMHOMKEeHUA

BeposaTrHoCTh ocyIiecTBIie-
HUA IO KpaliHell Mepe of-
HOTI'O U3 N He3aBUCUMBIX CO-

Ecnu cobwiTua A, 4,, ..., A
UMEIOT OJUHAKOBYIO BEpo-
SATHOCTH, KOTOPAas pPaBHA P,

n

Obrtuit A, A,, ..., A MOM¥HO

BBIUHUCJIUTE IO (popMmye:
PA)=1-(1-P@A))
(1-P(A))...(1-P(A))

TO BEPOATHOCTH HOABJIEHUA
XOTs1 OBl OJHOTO U3 9TUX CO-
OBITHII paBHA:

PA)=1-q¢", tmeq=1-p
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